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. HYUCINNTOBbIE PAObI
1.1. OcHOBHbIe NoHATUA. Heob6xoanMbIN NPU3HaK CXOOUMOCTU
Psnom HasbiBaeTcs 6eckoHeyHasi cymma Buaa

u1+u2+u3+...+un+...:2un, (1.1.1)

rae ug, U,, ..., U,, ... — MOcCneaoBaTesibHOCTb Yncen Unn gyHKUMNn.
Pan 3adaH, ecnu nssecteH ero obwuin vneH u, =f(n), neN. n — on vac-

TUYHOW CyMMOW psga HasblBaeTcd CyMMa N MepBbIX 4MeHoB psaaa:
S, =U; +U, +...+U,,. KoHe4HbI npeden 4acTuyHOM CyMMbl MPU N —> oo Ha-

3blBaeTca cymmou paga: S = lim S, .

n—oo
Ecnn S aBnsetca KOHEHbIM 4UCIIOM, TO pAaA0 Ha3blBaeTCA CXOAALLWMMCA.

Ecnn npegen 4acTM4yHOM CyMMbl He CyLlecTBYyeT Winn 6eckoHedeH, TO psag
Ha3blBaeTCA pacxoasaLLMMCS.

Heobxodumbil npusHak cxooumocmu. Ecnv psag (1.1.1) cxogurtcs, To ero
obLLMIA YneH cTpemuTca K Hyn, 1.e. limu, =0.

n—o

Ecnn obwnin unen He cmpemumcs K Hymo, T.e. lim u, =0, To psa pacxo-

n—oo

oumcs.
"eomeTpudeckumn psg

. 4 a
a+aq+aq’+...+aq" 1+...:Zaqn t=—, ecmu |q|<1.

n=1 1_q
["apMOHMYeckuun psig
1 1 1 =1
1+—+—+...+—+...= — =00, T.€. pacxoauTcs.
2 3 n ;n P A

3apaHusa ona ayautopHou paboThbl
1. 3anucatb popmMyny N-ro YnieHa paga rno ykasaHHbIM YrieHam

a) 1+%+é+...+un+...; 6) 1+E+§+ﬂ+...+ u, +... ;
1.3 1.3-5 1-3-5-7 : 3 4 5 6

B)1 2 2y 242

)+ Ty Ta 7 T TaT g D2 gt 1e 25t Unte

o0

2. Bbinucatb 4-5 nepBbliX 4YJIEHOB psAda Zun no n3BeCTHOMY o6u.|,emy
n=1
YrneHy psaga.

. Nrx
(2 + smzjcos Nz

a)u, = ; O)u, = , B)U,=

(3 + (—1)”)n n’



3. VccnepoBath psaa Ha cXoOMMOCTb
1 1 1 1 1

+ + + +ot——+
1.2 2.3 3:-4 4.5 (n+1-n
4. NokasaTtb, YTO pAL CXOAUTCHA, HANTU ero CyMMy

C S 2)" 1l
Zn(n+1)(n+2) °) ;(Ej ; 5) ) (- 14_n’

r) iq”(hq”), rae |q|<1; o) if’nlgnzn .
n=1

n=1

5. MiccnepoBatb CXOAMMOCTb PSiAOB, MPUMEHMB HEOOXOOUMbLIA MpPU3HaK
CXOANMOCTHU

[ee}

S n+1 1 = n? 2"
a , O , B — T =
);2n+3 );r‘*@ );3+2n2 ) n

n=1

1.2. Mpu3Hakn cpaBHEHUA PAAOB C NOJIOXUTENbHLIMU YrieHaMu
1. Ecnn psg Zun cxoguted, To limu, =0.
1 n—oo
n=

o0

2. Ecnm limu, %0, T0 pag u, pacxoguTcs.

Nn—oo 1
n=
3. Ecnn lim u, =0, TO pAa MOXeT CXOAUTbLCA UMK PacxoauTbes.
n—o
4. laHbl ABa psaga ¢ NonoXnTenbHbIMU YreHaMu:
Uy +U, +...+U, +..., (1.2.1)
Vi+V, +..+V, +.. . (1.2.2)

a) ecrnm u, <v, 1 psaa (1.2.2) cxogutes, To cxoautea u pag (1.2.1).
6) ecniv u, 2v,, 1 paa (1.2.2) pacxoauTes, To pacxoamTca n pag (1.2.1).

B) ecnn lim Yn_ A (#0mn #o), TO pagbl (1.2.1) n (1.2.2) cxogarcsa unm
I’l—)ooVn

pacxogAaTcAd oaHOBPEMEHHO.

3apaHusa ona ayauTtopHou paboThl

NccnepoBaTbh CXOOMMOCTb PSAOB, UCMOMb3ysi HEOOXOOAMMbIA MPU3HaK U
NPU3HaKK CpaBHEHMS

n=1 n=1 n=1 VN + n=1
1 n n°+1
5 ZI_ 6 Z 5 7. Zln > 8 ZarcsmT,
n=2 nn n:13+2n n=1 n n=1 n



0

n®+1

> Zm 0 nz(3n+1)2’ - Zt o e nZ:n3+5n+7

n n=1

3apaHua gna nHaMBuayanbHOM pabdoTbl
1. 3anuwmnTe npocrtenwyo dopmyny obLiero yneHa u, psga no ykasaH-
HbIM NEPBbLIM €ro YrieHam.
2. Hangute cymmy paga.
3-5. Uccnepynte cxoaguMocTb psaoB C MOMOLLbD HEOOXOANMOro Npu3Haka
NN NPU3HAKOB CPaBHEHUS.

. I.
1 1 1 1 3 5 7 9 11
1.1+ —+—+—+...+U, +.... 1. - +—+—+—+—
2 6 24 2 4 8 16 32 64
5 i 1 _ 2. —§+i—£+...+(—1)”‘1un +..
£ (5n - 4)(5n +1) 4 16 64
S 3n+4 - 3
3. —_—. 3. ntg—.
Zn2+3n+7 Z gn
n=1 n=1
= 1(3Y) 2 1/2)"
4 —=1 . 4 —| =
>33 >4
n=1 n=1
S n+2 =
5 I 5. arcsin

1.3. JocTaTO4HbIe NPU3HAKN CXOAMMOCTU 3HAKONONOXUTENbHbIX PAAOB
MycTb 3agaH 3HAKOMONOXUTENbHbI PAg

0

u, >0. (1.3.1)

n 1
n=1

o u
MpusHak Janambepa. Ecnu |im n+l

n—ow un

=k, To npn k<1 psag (1.3.1) cxo-

antea, npu k >1 pag (1.3.1) pacxoguTcs.
PagukanbHbin_npusHak Kowwu. Ecnn |im Q/7 k, To npu k<1 psag

n—oo

(1.3.1) cxoguTtces, npu k >1 — pacxogurcs.
Mpn k =1 npusHakn oTBeTa He OatoT.

UHTerpanbHbin npusHak Koww. Ecnn u, =f(n) n f(x) — ybbiBatoLwan

(e8]

dyHKUMS npu X > 1, TO psag Zun N HECODOCTBEHHbIN UHTErpan jf(x)dx CXO-
n=1 1

AATCA U pacxogaTcst 04HOBPEMEHHO.




0600LWeHHbIN rapMmoHudYeckuu pan (pag Oupuxne):

i 1 _ [cxomures, ecnu p>1
nP pacxoantcqd, eciiu 0<p <1.

n=1
dopmyna CTupnuHra:

0
n
n —
~27n—-el2n 0< @ <1.
en

3apaHusa ona ayautTopHou paboThl
NccnepoBaTb Ha CXOOMMOCTb paabi:

1 © e2n+1 2 i 1 4 9 n2 .
) n! nle 3-5-7-9...(2n - 1)
o) n o) n
n 2n-1
3 X 4, :
Z(n+2] ;(5n+3)
= 3".n! = 1
5. : 6.
z nn ann
n=1 n=2
= 1 = 1
7. : 8
2”2—” Zn% Jn

9. Y6eauTtbcs B TOM, 4TO npusHak Janambepa HenpumeHuMm K psay Zun :

n=1
2k—1 2k
rge U2k_1 = B—k, U2k = 3_k’ TOorga Kak no rpu3Haky Kowmwn aToTt pan cxoanTcA.

3apaHua ana nHaMBuAayanbHOW pabdoTbl

Vlccnenyme 3HAaKoOMoJ1oXuTernbHblE pddbl Ha CXOOUMMOCTb C MOMOLWbIO
Nnpn3HaKa D,anaM6epa, paaunKarnibHOro nnm MHTerpasibHoro rMNpmnM3HakoB Kowuu:




0 0 2
n
4, 4. :
nz(n+1)|n (n+1) nzz;n3+5
O 2n+T7 S 4n+1
Z . 5. Z .
=~ ~in +2
OTB.: 1. pacx.; 2. cX.; 3.cCX.; OTtB.: 1. CX.; 2.cX.; 3.cX.;
4.cx.; 5.cx. 4. pacx.; 5. cx.

1.4. Mpu3sHak Jlen6HULA CXOOMMOCTM 3HAKOYepeayLNXCA pAaos.
AOconTHasa u yCcrioBHaA CXoAMMOCTb 3HaKonepemMeHHbIX paaoB
Pan, cogepxallumin Kak nonoXxuTernbHble, Tak U oTpuLaTenbHbIE YneHbl, Ha-
3blBaeTCHd 3HaKonepeMeHHbIM.
o0
Zun , (1.4.1)

n=1

roe u, >0 unn u, <O0.

[MycTb 3agaH 3HakonepeMeHHbIn psg (1.4.1), coctaBum psg na abcontoT-
HbIX BEMMUYUH YNEHOB psiaa

Z|un| = [uy| +]uy| + ..+ up |+ . (1.4.2)
n=1
Ecnu psio (1.4.2) cxodumcs, mo cxodumcs u psio (1.4.1), npudem cxoou-
Mocmb psida (1.4.1) Hasbieaemcsi abconomHod.
Ecnu psd (1.4.2) pacxodumcs, a psd (1.4.1) cxodumcs, moeda cxo0u-
mocmb psida (1.4.1) Ha3bieaemcsi ycr108HOU.
Pag, y kotoporo niobble ABa coceaHUX YrieHa UMEKT pasHble 3HaKK, Has3bl-
BaeTCH 3HaKoYepeayoummcs:

a,—a, +a;—a, +..+(-)"ta, .= Z:(—l)”‘lan . (1.4.3)

roe a, > 0.

Mpu3Hak JlenbHuua. 3Hakouyepenyowmnca psg (1.4.3) cxooutcs ycnos-
HO, €CIn BbINOJSTHEHbI YCITOBUS:
1) uneHbl paga yobiBaoT 8, > a, > ag >...>a, > 8,1 > ...,

2) lima,=0. lNMpn atom cymma psiga S y[#oBNETBOPSIET HepaBeHCTBY

n—oo

0<S<qy.

[lpu 3ameHe cymmbl S cxolsujeaocsi 3Hakodepedyrouweaocsi psida (1.4.3)
ea20 n-ou Yacmu4yHou cymmou S, owubka R, rno abconomHoul eenuyuHe He

rpesbiwiaem nepeoao U3 ombpoweHHbIx YneHos, m.e. |S -S,|=|R,[<a,,;.




3apaHusa gna ayauTtopHou paboThbl

NccnepoBaTb Ha abCoOMOTHYO M YCIOBHYK CXOOMMOCTU creayrolwue psi-
abl:

N (_1)n—1 C n-1 -n c n-1 1
1. E —; 2. E(—l) n-2-, 3. E(—l) ———
n=1 n n=1 n=4 n _9
- _ - 270 - Inn
4.3 (-t 5, § Losem. 6.y (—pn 1

e}
g 1 (0,7)"
8. Hantn cymmy psaga Z(—l)n ! (( )1) +» OTPAHNYMBLUNCH TPEMS ero nep-
n+1)!
BbIMW YneHamun. OueHUTb abCOoNTHYIO NOrPELLUHOCTb BbIYUCHEHNNA.
9. YbeantbCcs B TOM, YTO npusHak JlenbHuua HenpuMeHUM K criegyrowmm
pagam:

o0

1 1) o 11
X ;[\/n—ﬂ—l_ \/n—+1+1)’ % Z[ o 3j

n=

BbIsCHUTL NX noBegeHme.

3apaHuva ona nHQuBUAyanbHOU paboThbl

1.-2. Uccnepynte Ha abCOMNOTHYO M YCMNOBHYK CXOAMMOCTb 3Hakoyepe-
ayowmecs psab.

3. YcTtaHoBUTE CXOOMMOCTb 3HaKo4YepeayoLlerocs psaa v BblYUCNTE ero
CyMMY C TOYHOCTbIO ¢ =0,001.

4. OueHnTe MOrpewHoCTb, BO3HUKAIOLWLYO NPU 3aMeHe CyMMbl psda CyMm-
MOW ero rnepBbIX MATU YS1EHOB.

. .
- 1 3n+2 = 12n+3
_1n 1 ’ _1n 1 ’
nZ;( ) nvn +1 nzz;( ) n*+5
n? +2n+3 = 4N
1 -1 _1n 1 ’
25() 4" §Z<> 6n* +7
4n +1 13n +2
Z( ™ Z( i} ,
n-1 n- 3n n_]_n +3
s - —;
Z( D 2n+1)-7" nz_;( ) 7"
OTB.. 1. cx.ycn.; 2. cx. abc.; OtB.: 1. cx. abc.; 2. cx. ycn.;
3.0,633; 4.0,003. 3.2,368; 4.0,002.




Il. PYHKUNOHAIbHBbIE PAAObI

2.1. O6nacTb cxoAUMOCTU (PYHKLMOHANBbHBLIX U CTENEHHbIX PSAOB.
OencTBUA Hag cTeneHHbLIMU psagamMn

[aH dyHKUMOHaNbHLIN paa
Uy (X) + Uy(X) + oo+ U (X) +... = Zun(x) (2.1.1)
n=1

MHOXeCTBO BCeX TOYeK X, NMpu KOTOPbIX psg CXOAUTCH, HasblBaeTCs ero
0obnacTbio CXOANMOCTH, a PYHKLNA

S(x) = lim S, (x) = lim Zuk(x) (2.1.2)
k=1

— CyMMOW psiaa.

B npoctenwmnx cnyyasix gna onpegerieHns obnactn cxoammocTu OyHK-
LMOHANbHOro psiga MOXHO MPUMEHATb K HEMY W3BECTHbIE NMPU3HAKN CXO4u-
MOCTWN, cunTas X pUKCMpPOBaHHbIM.

CTteneHHbIM Ha3blBaeTCca PYHKUNOHANbHLIN psig Buaa

Zan(x —Xo)" = A +a (X —Xg) Fa (X —Xp)  +..+a (X =X)" +...,  (2.1.3)
n=0
roe a, (n=0,1 2,...) — 3agaHHble NOCTOAHHbIE YMcna, KO3PMPULNEHTbI paaa.
Ecnn x, =0, paa npuHumaeT Bug,
Zan X" =ay +aX + X’ +...+a, X" +... (2.1.4)
n=0
Pagnycom cxogumoctun psaga (2.1.4) asnsetca ymcrno R Takoe, 4to npu
| x| <R psin cxoautes, a npu | x| >R — pacxoautcs. MHTepBan (-R; R) Ha-
3blBaeTCs B 3TOM ciny4vyae uHtepsasnom cxogumoctu psga (2.1.4). MNMpn x = £R

pag (2.1.4) MOXeT CXOaUTbCA UIN PacXoanTbCS.
AHanornM4yHo onpegendeTcs paguyc U MHTEpBan CXOAMMOCTM Ons psga

(2.1.3): ecrm npu | X —X, | <R pspa cxoautcs, a npu |x — X, |>R — pacxo-
autca, To R — pagunyc ero cxogumocTu, (X, —R, Xy +R) — nHTepsan cxo-
anmocTtun paga (2.1.3).

Paguyc cxoguMoCTu CTENEHHOro psga HaxoAuTCA C NMOMOLLbK MpU3HaKa
Hanambepa nnun pagukansHOro npmnsHaka Kowu.

CTeneHHOW psif BHYTPU MHTepBana CXoOMMOCTM MOXHO MOYNIEHHO Aud-
depeHuMpoBaTb U UHTErPMPOBATh:

0

D a(x-x)" | = D (M +Day,4(x —Xo)"
n=0

n=0



J[Za (X —Xo)" de Z—(x X))+ C.

ST pagbl UMET TOT Xe WHTepBan CXOOMMOCTW, 4YTO U WUCXOLHbLIN
psag (2.1.3).

3apaHusa ona ayautTopHou paboThbl
Hantn obnactb cxogMmocTu criegyowwmx psaos:

1. Z( D'n7*; 2. in—n Slism:}(x;
n=1 n:lx n=1 €
= In" x S x-2 ) °°n3”_
4'; n '’ > Z[l ZX) ’ ° Z::(x+2)
O n?x . o 4" o (x—4)"
R Zefr CZenas
(0,2)"

c ToyHocTblo go 0,01.

10. Haittn cymmy paga » (-1)"
Z_; (n+1)-(4n+3)

11. OueHuTb norpewHoctTb npu 3ameHe S ~S,. Hantm cymmy psaa

o0

E 2n1 > C TOYHOCTbIO A0 0,001.
‘n
n=1

lMpumep. OueHNTb NOrpPeLLHOCTb NPU 3aMeHe CyMMbl psiia ero YacTUYHOM
CyMMoWn. Hantu cymmy psaga:

3 C TOYHOCTbIO A0 0,001.

0) Z 3 ¢ ToyHocTblo go 0,001.

PeweHue
a) [laH 3HaKkononoXmnTenbHbIN PAL.

0

Zl—£+l+l+l++l+l+
&3".n® 3 32.2° 3°.3% 3*.4°  3".n® 3"(n+1®

Mo npusHaky Janambepa nerko npoBepuTb, YTO pAg CXOAUTCA, T.e. UMeeT
KOHEYHY0 cyMMy S. YTOObI BbIMUCIUTL 3TY CYMMY NPUONMXEHHO C TOYHO-
cTbto A0 ¢ =0,001, Hago HaMTKM 4Ymucno n u3 ycrnoena S-S, =R, <¢, T.e.

R, <0,001.
Bbinvwem ocTtaTok psiia U OLEHUM €ero.

10



1 1 1
= + + +..<
n 3n+1(n + 1)3 3I’H—2(n + 2)3 3n+3(n + 3)3

1 1 1
< =+ + +...=
3n+1(n + 1)3 3n+2(n + 1)3 3n+3(n + 1)3
1 1 [ 1 1 1 j 1 1
= : l+—+—=+—+...|= : =
1 3 2 3 1 3
3" (n+1) 3 3% 3 3" (n +1) 1_?1)

_ 1 3_ 1
3".3(n+1)° 2 2-3"(n+1)>*
Moabopom pellaem HEPaABEHCTBO:
1 1

2-3"(n+1)* “1000°
3"(n +1)° > 500.
Myctb n=2= 32.3%=3°=243<500;
n=3= 3%.4%=12°%=1728>500.

Kaxkgoe cnaraemoe cumMtaem o 4-X 3HAKOB MoOcCre 3ansTon, 3aTeM CyMMy
OKpyrndem o TbiCAYHbIX.

S = Z nl 5~ S, :i+i+i6:0,3333+O,0139+O,0014 =0,3486.
~3"-n 3 98 3
S =0,349.
6) B 3HakouepepnytoLemcs pagy owmbka npy 3aameHe S ~S_ He MpeBocC-
XOOUT NEpPBOro U3 OTOPOLLEHHbIX YSIEHOB.
Beluncnum cymmy psga ¢ TodHocTeio o 0,001, kaxxgoe crnaraemoe 6epem

C YeTbIpbMS 3HaKamun Nocrne 3ansATon, NOCne CNOXEHUss OKPYrnnum pesyrnbTaT
o 0,001.

0

_1\h-1
Z(nl) -ttt L1, <03333-0,0139+0,0014 -
Li3".n? 3 72 729 8164

~0,0002 +0,0000 = 0,3206.

S =0,321+0,001.

3apaHuva ona HQuBUAyanbHOU paboThbl

1-3. Hantn obnactb cXogmMMoCcTu oyHKUNOHANbLHOro (CTENEHHOro) psaa.
4. Vcnonb3ysa npasuia noYneHHoro gudpdepeHunpoBaHmsa U NHTErpupo-
BaHWS CTENEHHbIX PSA0B, AOKaXUTE crneaylolmne paBeHCcTBa, ecnm | X | <1.

5. C noMoLLbK NOJTyYeHHbIX COOTHOLUEHWUI HAanaUTe CyMMbl PSIAOB.

N N ain X . N _n\n-15-nsinx.
1. 21:2 sin 1. Z;( )" e :
n= n=

11



n+1 - 2n-1
2 :E: n. 2. :E: N
n n
e~ 4 ~3"(n+1
3 x-3)"; 3. x-2)";
Z_“(Gf“rl)2 (=3) Z4n2—3( )
n=1 n=1
4. ann_l L = 4. Z(n +1)-nx"t 2 -
n=1 (1_ X) n—1 (1— X)
o N = n
5.8) ) oot 5.8) » o
n=1 n=1
S (n+1)-n 2. 2
6)2( n ! 6) n-1"
n=1 S n=1 !
0 2 o0
n n(n+1)
B)Z5n_1 B)Z 7I’l
n=1 n=1
OTB.: 1. |X|<+oo 2. d<x<4: OmB.: 1. 2kz < x < (2k +1) 7;
3.2<x<4. 2. -3<x<3;3.1<x<3.

2.2. PaznoxeHue hyHKLUN B cTeneHHble psaabl Tennopa u MaknopeHa

HaHa dyHkuma f(x), GeckoHevyHO AnddepeHumpyeMaa B OKPECTHOCTU
TOUKN X,. Pagom Tennopa dyHKumm f (X) HasbiBaeTca cTeneHHow pag Buaa

() =1 (%) +11%g) - (X xg) + ‘”)n( 0)

Pan (2.2.1) cxogutea k dyHkumn f(X) B uHTepsane (X, —h, X, +h), ecnu
F ’(xo)

(X —X%o)" +... (2.2.1)

(x - xo) +...+

octaTok psapga Tewunopa R, (X)= Z (x - xo) ctpemntcs K 0 npwu

k=n+1
N — oo Ana Bcex X € (Xg —h, Xy +h).
Ecnn x, =0, T0 nonyyaem pag Maknopexa ans f (x)
£(n)
7O n,
n!
OcHoBHble pa3noxeHusi B psg MaknopeHa, nHTepBanbl CXOAUMOCTU psi-
JOB:

f(x):f(0)+f'(0)-x+f"2@x2+...+ (2.2.2)

2 X3 Xn

< X
e" =14+ X+ —+—+...+—+. — 0 < X <00,
21 3l n!
3 5 1
. x> X x?
sinX =X ——+——...+(-)"" 1— vy —0<X<00]
31 B (2n—1)!
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2 4 -2

COSX = 1—X—+X—— +(-D" 1X— vy —OO <X <00,
21" 41 (2n—-2)!
i:1+x+x2+...+x”‘1+..., “1l<x <1
1-x
2 3 n
INL+x)=x -2+ 2 )" —1<x<1:
2 3 n

a(a-1) NCI 0((05—1)...(0(—n+1)xn
2! i n!

1+ x)* =1+ ax + ——= +.., —-1l<x<Ll

3apaHusa ona ayautopHou paboThbl

1. Pasnoxutb dyHkumio f(x) = x> —4x* +2x3 +3x? +2x —6 no cTeneHsM

6uHoma X + 1.
2. NpeactaBuTb gaHHble pyHKUMK X pagoMm MaknopeHa, ykasaTb obnactb
CXOAMMOCTM NOJTyHEHHbIX PALOB:

3X+5
a) e‘xz; 0) x-cos2x; B) m r vi1- x2 arcsinx .
3. PasnoxuTb B psig no cteneHsm X + 2 yHkumio f (x) = 2;
X°+4x+7

4. PasnoxuTtb oyHKumio f (X) =In(Xx +2) B pag no cteneHam a) x; 6) x +1.
3apaHua ana nHaMBuAayanbHOMW pabdoTbl
1. Pasnoxute 3agaHHble yHKUMKM B pag MaknopeHa, ykaxute nHTepsan
CXOAMMOCTM NOSTyYEeHHOro psaga.
2. Pasnoxwute dyHkumio f(x) B psan Tennopa B OKPECTHOCTU TOYKU X,

HanguTe obnactb CXO0ANMOCTHU noJtydeHHOoro pdaa.

l. .
2 2
X .
— l.a)f(X)=———;
1. a) f(x) T ) F(x) 322
3 _ A4x
6)f(x)=cos%. 0)f(x)=e
1 1
2.f(X)=In——, x, =1. 2. f(X)=In——, x, =-2.
(x) x2—2x+2 0 () x2—4x+3 °
o0 o0 1
OTB.: 1. a “D)"x"*2 [ x|<1; |OTB.:1.3)2 ) 3"x®" |x|<——:
)Z( "X, || ) Z x|< 7
n=0 n=0
© _1n_22nX6n © 4" x"
6) (3)2n2 — [x|<e. | 6) 20 x| <
n=0 (n) n=0 )
S (-D)" on w( 1 1 J "
x-1 0<x<2. 2. - X+2),-5<x<1.
Zo ( ) ; 6-3" 10.-5" ( )
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2.3. MpunoxeHna cteneHHbIX psAAoB

CTeneHHble paabl NPUMEHAOTCH ANs:

a) BblYNCNEHUS 3HAYEHUS PYHKLUMN;

6) BbluMCEHMS onpeaerieHHbIX UHTerpanos;

B) peweHus 3agayuu Kowwn ana gudpdepeHumanbHbiX ypaBHEHUMN.

3apaum ans ayaMTopHOM paboTbl

Bblumncnutb onpegenenHble nHTerpansl ¢ To4HocTbio 40 0,001
1

0,5
1. Icos&dx; 2. I dx
0

1+ x5
0

Hantn HeonpegeneHHble MHTerpasnbl B BUAE CTENEHHOrO psaa, ykasaTb UX
obnactb CXO0AMMOCTU

N Iex_ldx; 4 jln(1+x)dx.
X X

3anucatb NATb HEHYNEBLIX YNIEHOB pPas3fioXeHUs B CTENEHHOW pag peLue-
HUs 3aga4dmn Kowwu gna andpdepeHumnarnbHbIiX YpaBHEHUN:

5.y'=e’ +xy, y(0)=0;
6.y =x°+y, y(0)=-1 y'(0)=1;

1/ 2 1A 14
7.y Y +y=0, y(0)=1 y'(0)=0.

3apaHua ona tHAMBUAYyanbHOW paboThbl

1. cnonb3ys pasnoxeHne nogbiHTErpanbHOn PyHKLUMN B CTENEHHOW psa,
BblUMCINTE onpeneneHHbl nHTerpan ¢ ToyHocToo Ao 0,001.

2. Hangnte HeonpeaeneHHbld MHTerpan B BUAe psaa, yKaxuTe MHTepsarn
ero CXoaAnMoCTH.

3. 3anuwmnte NATb HEHYNEBLIX YIIEHOB psda peleHnsa 3agayun Kowm andg-
doepeHUnanbHbIX YypaBHEHUN.

05 V3
1. j Vi+x3dx; 1. j V1+x4dx:
0 0

cosx—1 inXx — X — x°
5 J‘—de; 5 J‘smx ;( X dx
X X
3.y =1+x+x%>-2y? y@)=1. 3.y =2x°+y3, y(1) =1.
OTB.: 1. 0,508; OTB.: 1. 0,334;
X (_1\N . y2n-1 L (-1, 2n 4
(-D" - x | | ; 5 (-1 X 7x’|X|<OO;

' £ (2n -1)(2n) X
14

Lion-(2n-1)! 24




3.y =1+(x-1)-0,5(x -1)* + 3.y =1+3(x-1)+6,5(x -1% +
+0,333(x-1)°*+0,167(x - )* - +16,167 (x —1)° + 48,125(x - 1)* +... .
~0,5(x-1)° +...

2.4. Paabl Pypbe ansa 2z -nepnoanyvecknx oyHKUum

Pagom ®ypbe 27 -nepuogmyeckon yHkuum f(x) HasbiBaeTcs TPUroHO-
MeTpudecKknin psg

%+Z(an cosnx+b,sinnx), (2.4.1)
n=1
KO3 puLumMeHThl onpeaensaTca no dopmynam:
a, :lj.f(x)cosnxdx (n=0,1 2,..) (2.4.2)
T
1 .
b, :—J'f(x)smnxdx (n=12 3,..) (2.4.3)
T

Teopema [Oupuxne. Ecnn QyHKuMs ¢ nepuogomM 27 KYCOYHO-
anddepeHumpyema B npomexyTke [—z;z], To ee psag Pypbe cxoauTcs B Mto-
Bow Touke Xy, npuuem S(Xy) =1 (X,), ecnm x, — Touka HenpepbIBHOCTA f (X)
f(Xg—0)+f(x,+0)

2
Ecnu f (x) —4eTHas, 27 nepuogndeckasa pyHKUmS, T.e.
f(—xX)=f(X) nt(x)=f(x+2x), xe(-m;x),
TO psa Pypbe Mo KOCUHYCaM KpaTHbIX Oyr UMeeT BUA

f(x):%+ a,cosnx,
n=1

nS(Xy)= B TOYKE pa3pbiBa PYHKUUN.

roe a, :gjf (x)cosnxdx, (n=0,12,...).
T
0
Ecnu f (x) —HeyeTHasq, 27 nepuognyeckas yHKUUS, T.€.

f(-xX)=—F(X)nf(x)=Ff(x+2x), xe(-m;7),
TO psig Pypbe No CUHycam KpaTHbIX Ayr MMeeT BuA,

f(X):an sinnx,
n=1

rne b, :%If(x)sinnxdx, N=123.).
0
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CnpaBennvBebl paBeHCTBa:
sinzn =0; coszn =(-1)";

. 1 1.
sinnxdx = —-=cosnx; |cosnxdx =-=—sinnx;

J n n
(Ax +B)cosnxdx = Ax+B sinnx +Azcosnx ;
J n n
(Ax +B)sinnxdx = _Ax+B cosnx +%sinnx.
J n n

3apaHusa ona ayautTopHou paboTbl

Pasnoxutb B psag Pypbe 27 -nepunogmnydeckme pyHkumnun. NMoctpoutsb rpadpum-
KN OYHKLMK 1 CYMMbI psiaa

ax, ecnu —r < x<0,
1. f(x)=
bx, ecnu 0< x< .
PaccmoTpeTtb cniyyan: a) a=b; 6) a=b; B) b=-a.

2. f(x)=x%, xe[-z;7]. C NOMOLLbIO MONY4EHHOrO PAa3NOXKEHWS! BbIUNC-
NNTb CYMMbl YUCNOBbLIX PSAOB:

0

® n-1
a) iz; 6) Z (_1)2 -
n=1

o n n

3. dyHkumo f (Xx) = 1—5, 3agaHHyto Ha uHtepsane (0;7), pasnoXxuTb B pag
T

No: a) CMHycaMm KpaTHbIX ayr; 6) KocuHycam KpaTHbix gyr. [octpouTb rpadum-
kmy=f(x) ny=S(x), xeR.

3apaHua ana nHaMBuAayanbHOW paboTbl

Pasnoxntb B psg dypbe 27 -nepuoguyeckyto pyHkumio f(x). MNoctponte
rpadoukn y =f(x) ny =S(x), xeR.

—, ecnu O0<x<r. X
4 ——, ecnu 0<x<r.
T
2 0 -
OTB.: ”__12003(2” 21)XJr Ote: L4 422003(2n :2L)x.
16 2n:1 (2n-1) 2 pr (2n -1

n+1

7~ ()" sinnx
+= .
4; n
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2.5. Pagbl Pypbe ana 2| -nepunoanyecknx pyHKLUN
Ecnu dpyHkuna f (x), n ee npomnssogHaa f'(x) B npomexytke [—I;1] nnum He-

npepbiBHaA, NI nMeeT KOHe4YHOe YUCJT0O TOYEK pa3pbiBa NepBoro poga, To BO
BCEX TOYKaX HeNpepbIBHOCTU CrpaBedyinBo pa3sjioxXeHne

f(x)= %+ Z(an cosnlix+ b, sinmlr—xj,

n=1

I
roe a, = Hf (x)cosnlixdx (n=0,12,...), (2.5.1)
-

|
b, =|—1jf (x)sinnILde (nN=123.). (2.5.2)
°

f(x;—0)+f(x;+0)
> .
B cnyyae pasnoxeHna pyHkuum f (X) B psag Pypbe B NPOM3BOSILHOM MNpo-
MexyTke [a,a+ 2|] anvHon 2| npegensl MHTErpupoBaHusa B oopmynax (2.5.1)

n (2.5.2) cnegyet 3aMeHUTb COOTBETCTBEHHO Ha a u a+2l.
Ecnun f(x)—-vetHaqa, 2| nepuogndeckaa dyHkums, T.e. f(—x)=f(X) un

f(x)=f(x+2l), xe(-I;1), TO paa Nno KoOCUHYycam UmeeT BUA;

o0

B Toukax paspbiBa S(X;) =

f(x) :i+ a, cosm,
2 I
n=1
|
roe a, :Igj-f (x)cosnlixdx (n=0,12,..).
0

Ecnu f(x)—HeveTHas, 2| nepuoguyeckaa pyHkums, T1.€. f(—x)=—f(X) n
f(x)=f(x+2l), xe(-I;1), TO pag no cuHycam umeeT BUA;

- . nzx
f(x):Z:bnsln—I :
n=1
|
rne b, =|3_|'f(x)sin”7lz—xdx (n=123.).
0

3apaHusa ana ayauTopHoun paboTbl

1. Pasnoxutb B psig dypbe No cuHycam KpaTHbIX Ayr YHKUUIO Yy =1—§,

3agaHHyto Ha oTpeske [0;2]. MNocTpouTb rpaukn OyHKUMN U CyMMbl psaaa
ana xeR.
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2. Pasnoxutb B pag ®Pypbe no KoCUHycam KpaTHbIX Oyr QOYHKLNIO
X, ecriu O0<x<1]
f(x)=
2—-X, ecnu 1l<x<2, [=2.

Monb3yacb NONMyYeHHbIM Pa3nOXeHNEM, BbIMUCIIUTL CYMMbl YACMNOBbLIX Psi-
[0B:

n(n+1)

1 1 1 1 1 (-1 2
6)l-—-—+=+—=—-——...+

) 32 52 72 92 17? (2n +1)?

3apgaHusa ana vHAMBUAyanbHOM paboThbl
Pasnoxute B pag dypbe 2| - nepuogndeckyto oyHkumo f(x), 3agaHHyto
Ha nHTepBane (0;1): a) no cuHycam, 0) Mo KoCcMHycam KpaTtHbIX ayr. [locTpo-
nTb rpadoukn y =f (x) n y =S(x).

I' I
f(x)=1-x, xe(0;2), | =2. f(x)=x(1-x), x e(0;1), | =1.
(2n -1 zx .
OTB.: a) iiCOS 2 OTB.:a)%_%ZCOSs—ZﬂHX;
72-2 n=1 (Zn _1)2 w )
0 16 0 . on 1
o 25 e olf $en-am
i n=1 n | ) ( n-— )

11l. 9NEMEHTbI TEOPUU ®YHKLIMXA KOMMIEKCHOWU NEPEMEHHON
3.1. NoHATMe obnactu. KpuBblie Ha KOMMNJIEKCHOU obnacTu
KomnnekcHoe 4yucno z=Xx+iy, rge x U y — OEeWCTBUTENbHbIE 4YnUCha,
i =+-1 — MHUMasi eguHULa, n3obpakaeTcst TOYKOM KOMMIIEKCHOM MIOCKOCTU

C KoopamHaTamu (X,y). X =Re z — pgencrtButenbHasa 4actb z, y =lmz —
MHMMas YacTb Z.

MHOXecTBO BCex KOMMMEeKCHbIX 4ucen obos3Havaetca C, zeC.
C+(z=-x0)=C.

Mog obnactbto D 6yaem noHMMaTb OTKPbITOE CBA3HOE MHOXECTBO TOYEK

zeC.
Yncno Z = X —iy HasbiBAETCH COMPSHKEHHBIM YUCTY Z =X +i Y.

X
|z|=yx*+y?, argz =g, cosp=— Y
2| 2|
Z=X+iy — anrebpanyeckasa popma 3anmcm KOMMIEKCHOro Ymcna,

, Sing =
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zZ= | z | (cos¢@ +isinp) — TpuroHomeTpudeckas opma,

z= | z | e'’ — nokasaTtenbHasi popma 3anmncK KOMMMAEKCHOro Yncha.
YpaBHeHue z =x(t)+iy(t), rae x(t) u y(t) — HenpepbiBHblE YHKLUM

AENCTBUTENbLHOrO aprymeHTa t, onpegensieT HeKOTOPY KPUBYKD Ha MiOCKO-
ctnz. x =X (t), y =y (t) — napameTpuyeckne ypaBHeEHNS 3TON JINHUN.

3apaHusa ona ayautopHoum paboThbl

1. NocTponTb Ha KOMMMEKCHOW NNOCKOCTN 06siacTb, 3aaHHY0 HEPABEHCT-

BaMMK:
a)|z-1|<1 |z+1]|>2;

B)z-Zz<2, Rez<l Imz>-1,
n)|z|-3Imz<6;

2. Onpepenutb BN, KPUBOW:

a) z:3e”—21it :
e
B) Im(zz—Z):Z—Im zZ:
1+i  t(2— 4i)
Z = + .
A) 1-t 1-t

6) |z-2|+|z+2]|<5;

r|z+i|>1 —%sargz<0;

. T . T
e)|z-i|<1 —Z<arg(z-i)<=.
) |z-i|<1 5 < g ( )<4

6) z=t>+4t+20—i(t* + 4t + 4);

r|z-2|=|1-2Z|;

3apaHua gna nHaMBuAayanbHOMW pabdoTbl

1. MocTtpouTtb obnacTte D, 3agaHHy0 HepaBeHCTBaMW.,
2. Onpegenutb BN, KPMBOW NO 3a4aHHOMY YpaBHEHUIO, t e R .

.
l.a)|z-1-i|<lImz>1Rez>1;

6) 3|z|-Re z>12.

2.a) z :—2e”+—%t;
e

6)2:2+t+i1+t.
2-t  1-t

OtB.: 2. a) X =—cost, y =-3sint;
3x-1

O)y = )
)Y 3-X

.
l.a)|[z-2-i|21 1<Rez<3,0<Imz<3;

0)|z|<2, —ESar z-1 SZ.
) | z] 2 g( )4

2.a)z= 1 +12tgt;
cost
6) z:1+t+i2+t.
1-t 2-t
OTB.: 2. @) Y2 = 4(x* -1);
3x+1
6)y= .
X+3
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3.2. OCHOBHbIe 3f1ieMeHTapHble PYHKLUN KOMMIIEKCHON NnepeMeHHOM.
O6pa3 ob6nactu D npn otob6paxeHun w =1 (z)

Ecnn kaxpgon Touke zeD no onpeneneHHomy npasuiny f noctaBneHo B
COOTBETCTBME KOMMIEKCHOE YUCIO W =U +1iV, TO roOBOPAT, YTO B obnactn D

onpefeneHa QYHKUMS KOMMSIEKCHOM MNEpPEeMEeHHON z=X-+iy W nawyT
w=1(2).

Ecrm z=x+iy,w=u+iv, Tow =f(z2)=u(X,y)+iv(Xy).

OcCHOBHbIe aneMeHTapHble PYHKLMW.

1. CmeneHHas w =z" = (x +iy)", ne N;

2. MNokasamenbHass W =e* =e*(cosy +isiny). Obnagaet BceMu CBOWCT-
BaMu OEeNCTBUTENbHOW nokasaTenibHON oyHKUnK, umeeT nepmoa T =271 .
eu_e4z eu+e4z
3. TpuzoHoMempu4ecKue yHKuuUU Sinz == COSZ == ne-
[

puoanyeckne ¢ T =27 . CnpaBeanmebl OCHOBHble QOpMyribl ANS AEACTBU-
TENbHbIX TPUFOHOMETPUYECKUX (PYHKLMIA. PYHKLUUN HE ABMNSAOTCS OrpaHnYeH-

HbIMU, T.e. |sinz|<1unm [sinz|>1, |cosz|<1umm |cosz|>1.

e’-e’ e’+e’’?
4. [unepbonuyeckue yHKuuu shz = — chz=2"%_,

Cripasedriuebl COOMHOWeEHUS
shz =—-isin(iz), chz =cos(iz),
sinz=sinx-chy +icosx-shy, cosz=cosx-chy —isinx-shy,
_sinz _cosz _shz _chz

tgz = , ctgz=——, thz=——, cthz=——.
COSz sinz chz shz

dyHkummn z", €%, sinz, cosz, shz, chz oaHo3Ha4Hble, HemnpepbiBHbIE AMS
vzeC.
5. Jlozapugpmuyeckasi pyHkyuss W =Lnz =In|z |+iargz +i2kz, k e Z.

PyHKUMSA BecKkoHeYHO3HavHas, onpeaerieHa U HenpepbiBHaA AN Vz e C,
Kpome z =0.
6. Obwas cmeneHHas yHKUUSI W = z% = e

7. Obwas nokasamersbHas chyHKUUsS W = a’ = e
8. ObpamHbie mpuaoHoOMempu4yeckKue yHKUUU.

alnz

zLnha

w = Arcsin z=—iLn(iz+\/1—22). W = Arccos z:—iLn(z+ 22—1).
W:Arctgz:i_Lnlﬂz. W=Arcctgz=—i_Ln_1+|Z.
21 1-iz 21 1z-1

DYHKUMM B-8 BeckoHeuHO3HauHble. DyHKUMA V1—z® — ABy3HauHas.
[aHa HekoTopas obnacte D n pyHkuma w =f(z), zeD, weE.
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O6nacte D orpaHMyeHa HEKOTOPbIM KOHTYpoM C, KOTOpbIn obxoauTca B
HanpasfeHU NPOTUB YaCOBOW CTPESIKN.

3Has ypaBHeHue rpaHuubl z = z(t), HaxogmMm ee obpas w =f (z(t)), nony-
YaeMm nuHuio C'.

Ha kpuBon C Bblbupaem Tpu TOYKM M Haxogum mx obpasbl, TakMm Crnoco-
6om ycTaHOBMM HanpaBneHue Ha koHType C'. Obnactb E 6yaeT octaBaTbCs
cnesa npu obxone koHTypa C'. [1ns npoBEpPKM BO3bMEM BHYTPEHHIOK TOYKY
z, € D, Torga Touka w, =f (z,) Takke gomKkHa ObITb BHyTpu obnactu E.

Mpumep 1. Hantun

a)it'; 6) Arcsin3; B) Ln(12+5i).
PeweHue
1+|:e(1+i)Lni _ (1+|)(In| |+|arg|+2k7r|) e(l+|)(| +2k7r|j _ (| 1)( +2k7r] _
—(7[+2k7z) i[+2k7r +2k7r (x
—e \?2 e \? cos +2k7z +|S|n£5+2k7rj =

_i e_(z+2k”j, KeZ.

ArcsinS:—iLn(Biii\/g):—iLn((SiZ\/E)i):
:—|(In(3+2\/_) |—+2k7r|j=%+2kﬂ—iln(3i2\/§), kKeZ.

Ln(12+5i)=In|12 +5i |+iarg(12+5i) +i2kz =

|12+ 5i | =+/144 + 25 =13,

= 5 :In13+i(arctgi+2k7rj, keZ.
12>0, 5>0, arg(12+5i):arctgE 12

Mpumep 2. Haittn o6pa3 obnactn D:(1<|z|<2) npu oToGpaxeHUM

PeweHue
N306pa3nm Ha KOMMNNEKCHOW NIOCKOCTU z obnacte D — KpyroBoe KosbLO

MexXzy OKPYXHOCTSMM |Z| =11 |z |=2, He BKMlouasi CamM1x OKPY>KHOCTEM.
B COOTBETCTBUM C NPUHLIMMOM COXPaHEHWS rPaHWL, HanaeM obpas NMHUKU
|z|=1vmm z=€e?, 0<p<2r.
2 2 B 2(cosp—-1-ising) B
e'?-1 cosp+ising—1 ((cosp-1)+ising)(cosp—1-ising)

21



B 2(cosp—1-ising) _2(c03gp—1—is.in(p)__1_i singp
cos? p —2cos@ +1+sin ¢ 2(1-cosg) 1-cosg
2sin?cos?
- 1-i—2 2_ 1 jeg?,
2sin2? 2
2
W=Uu+IV <& u=-] v:—ctgg, @ €[0;27].
[
A y I )\V
ONEN
| E
o TN T [ LTS
// \\ i /J ~
/ A N l / N
v A\ | 7 N
/ / \ Y 1 \
VA 1 A \
I 1 1 5 LAl _ 1 5
VA 0 1, 12 x “1(77 210 2 2. U
7, pr] v 3 3 /
\ \ y 1 \ /
$ PG / b \ ;
N 7 7 I N 4
\\\ /,/ : \\\ ///
I

B nnockoctn w nmeem npamyro. OKpYy>XHOCTb eOUHUYHOIo paguyca nepe-
XoauT B npsimMyto. Ha okpyxHocTn 6epem 3 Touku. MNpu obxoge rpaHuubl 06-
nactb D gorkHa octaBaTtbcA crieBa.

z=1(p=0) z=—{¢=—%j z=—1(p =—r)
V= _
(9500 ‘ v=1 ‘ v=0
Haxoaum o6pa3s okpyxHocTn z =2e'? (0< ¢ <27).

2 2 _ 2(2cosp—-1-2ising)

e (2cosp-1)+2i-sinp (2cosp—1Y +4sin’g
_ 4cosp—2 i 4sing
5-4cosp 5-4cose
[MapameTpuyeckne ypaBHeHNa obpasa OKpPY>KHOCTU paguyca 2:
U 4cosg — 2’
S5—-4cosgp
4sing
" 5-4cosg’

0<¢p<2r.
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N3b6aBnmca oT napameTpa ¢ .

{(5— 4cosp)u =4cosp—2, - SU+2=(4+4ujcose,

(5-4cosg)v =-4sing, Sin(pz—%(5—4COS(0)V,

Su+2 . 1 5u+2 15u+5-5u-2 3 vV
CoS@p = ; Sinp=—=|5- V=—= V=——c——,
4(u+1) 4 u+1l 4 u+l 4 u+l
Su+2
COS@ = : 2 2
4(U +l) 2 . 2 (5U+2) v
COsS“ @ +sin“ g =1, 5>+ > =1
Singo——g Y 16(u+1)° 16(u+1)

Au+1
(5u + 2)% +9v? =16(u + 1),
25u” + 20U + 4 + 9v2 =16u” + 32u + 16,
9u?-12u+9v?-12=0, 3u®-4u+3v’-4=0,

2
3 w22y 2 2 iav2oa 3. u-2| sav2oasd
9 9 3 3

2V, 16 2 4
U——| +V° =— — OKPYXHOCTb C LUEHTPOM B TOYKE §,0 pagunyca E .

3 9
Bepem Toukn Ha OKpPY>KHOCTU | z | = 2. Haxogmm nx obpasbl.
z 2 2| -2 2|
2 .4 2 2 .4
w 2 ———l— —— ——+1—=
5 5 3 5 5
o2 —20+20) _-2(1+2)) 2 .4
27 2i-1 (1-2i)(1+2i) 5 5 5
2 2(1+2)) __ 2 .4

W = = = .

4 2i-1 (1+2i)@-2i) 5 5

Otmevaem Ha nnockoctn w. Obnactb E ocTtaeTtcs crnea npu obxone ee
rpaHuL.

3apaHusa ana ayautTopHou paboThbl
MpeactaBuTb B anrebpanyeckon oopme crneayrolme KOMnneKkcHble Ynucna:

1. ch[2+£i]; 2. sin(B—ﬂHj; 3. tgzi;
4 4 2

4. (_\/§+i)_6i; 5. Ln(-1-i); 6. Arctg12_5| .

13
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HanTtn o6pas obnactu D npu otobpaxeHumn w =1 (z).

7. D — TpeyronbHuK C BepLUMHaMM z,=0, z, =1, Z; =1,
w =(1+2i)(1-3z).

8. D:(0<Rez<1), w=z"1.

9. D:(1<Rez<2 0<Imz<157x), w=¢e’.

3agaHuva ana vHAMBUAyarnbHOW paboThbl

1-3. MNpeacraBbTe B anrebpanyveckon opme crneaylolme KOMMIeKCHbIe
yucna.
4. Hangnte obpas obnactu D npu otobpaxeHun w =f (z).

1. cos(z—ij; 1. sh(l—zij;
6 2

2, Ln(1+x/§i); 2, Ln(ﬁ—i);

3. Arccosi; 3. (—1—i)4i-

4. D — TpeyronbHUK ¢ BepnHamu . ju -
Zy=—, 2z, =2+1, 23 =-3, 4. D-(1S|Z|S2,—Z£argzszj,
w=(2-i)z+3i+5. W2

3.3. NMpounsBogHas PyHKLUN KOMMNIIEKCHON NepeMeHHOMN.
Ycnosusa Kowun-PumaHa. AHanntuyeckue n rapmoHuyeckue pyHKLum

MycTb dyHKUMa w =T (z) ogHo3Ha4YHO onpepgeneHa gna Vze D c C. Ecnn
npu YAz — 0 cywecTtByeT npegen
im f(z+Az)-1(2) _1'(2),
Az—0 Az
TO OH HasblBaeTcs npou3BogHOM (yHKuum f(z) B Touke z, a PYHKUMS —

andpdoepeHUmMpyemMon B TOUKE Z.
Ans Toro, 4tobbl pyHKUMA f(z) =u(X,y)+iv(X,y) BTo4ke z=X+iy Obina

anddepeHumpyemon, Heobxoaumo M OOCTATOYHO, 4TOObI  (hyHKUMK
u=u(x,y), v=v(xy) 6enm anddepeHumpyembiMn B TouKke (X,y) W yOOB-
netsopsanu ycnosusam Kowwm-Pumana:

ou ov ou ov

= n =——.
oxX o0y o0y 0 X

Torpa
f'(z) =uy +ivy =vy(Xy)—iug (x,y).
®dyHkumsa f(z), onddepeHunpyemasa B TOUKE Z U HEKOTOPOW ee OKPeCTHO-
CTW, Ha3blBaeTCA aHanNnTU4YecKkon B aTon Touke. Ecnn f (z) — aHannTuyeckasd
ana vV ze D, To oHa aHanuTnyeckaa B obnactu D.
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[ns aHanuTu4ecknx yHKUUIA cnpaBeasiMBbl OCHOBHbIE NpaBuna n tabnum-
La NPpOM3BOAHbIX, aHANOrn4Hble npaesunam u Tabnuue ans AenUCTBUTENbHbIX
anddepeHumnpyemMbix QPyHKLMNA.

Ecnun z=rcosp+irsing n f(z)=u(rcose, rsing)+iv(rcose,rsing), 10
ycnosust Kowmn-PumaHa npuHumatoT 1A

ou(rcose, rsing) 10v(rcose,rsing)

or r op
ou(rcose, rsing) - oV (r coso, r sing)
o or '

Torga f'(z) 3anucbiBaeTca Tak

, r{ou .ov 1(ov .ou
f'"(z2)=—| —+iI— |==| ——-1—|.
z\ or or z\dp Og

[aHa aHanutnyeckas pyHKuna w =u(x,y)+iv(X,y), 4na Hee BbINOSTHEHbI
ycnosus Kowwn-Pumana. Torga cdyHkuum u =u(X,y), v =v(X,y) OyayT rap-
MOHUYECKMMU, T.€. OHWN YOOBNETBOPSIOT YpaBHeHUO Jlannaca

o°u o4 ov oV
—+—=0n—+—=0.
oxX: 0oy oxX: oy

[[apMOHUYeckne QyHKUUM U K1 Vv, ygosneTsopdAwowme ycrnosmsam Kowum-
PumaHa, Ha3bIBalOTCA CONPAXKEHHbBIMMU.

Ecnu pyHkumMa u =u(X,y) usBecTHa, TO PYHKUMIO V (X,Y) MOXHO HanTK rno

dopmyne
(x.y)

V= J (—u§,(x,y)dx+u;(x,y)dy).
(X0.Yo)
Ecnn nssectHa doyHKUmMA v =V (X,y), TO PyHKUMIO U =u(X,y) onpegenvm

no doopmyne
(x.y)

u= j (v;(x,y)dx—v;(x,y)dy).
(X0.Y0)

FeomeTpuyeckmm cmbicn

f'(z,)| n argf'(z,)
Myctb f(z) — aHanuTuyeckasas B Touke z,, npudem f'(z,)=0. Torpa

f'(zo)| paBeH KOIPMPUUMNEHTY «paCTSKEHUA» B TOYKE Z, MIIOCKOCTU Z Ha

NSIOCKOCTb W Npu oTobpaxeHun w =f(z): ecnu f’(zo)| >1, TO UMEET MEeCTO

pacTtsxkeHue, npu (f'(z,) | <1 - cxaTue.

AprymeHT f'(z,) reomeTpuyeckn paBeH yrny, Ha KOTOPbIN HYXHO MoBep-
HYTb KacaTenbHYI0 B TOYKE Z, K rMajKoh KPUBOW y Ha MIIOCKOCTU Z, MPOXO-
AALLYIO Yepesd TOYKY Z,, YTOObl MONyYnThb HanpaBreHne KacaTenbHOM B TOYKe
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w, =f(z,) kK obpady [ aTOM KpMBOW Ha MMOCKOCTU W MpU OTOBpaKeHUu
w =f(z). Ecnn ¢ =argf'(zy) >0, To NOBOPOT MPOMCXOAUT MPOTUB 4aCOBOM
CTpenkn, a npu ¢ <0 — No YacoBOW CTpPErIKe.

3apaum ans ayaMTopHOM paboThbl

BbIACHUTb, Kakme n3 cregyrowmx yHKUUN SBAAI0TCS aHaNIMTUYECKUMUM XO-
Ts Obl B 0gHON Touke. Hantn w' =1'(z).

1.w=(2-3i)z>-iz—-i; 2.w=icosz; 3. w=2z2.7"

5 w=——; 6.w=2z-Imz.

4.w:|z|-Rez; -
Z+i
BoccTaHoBUTL aHanMTUYECKyto B OKPECTHOCTU TOYKM Z, dyHKuuo f(z),

ecnm
7.v=x?>—y?+2x+1 f(0)=i.

8.u= +x f(D)=2.

X2 +y?

9.u=1-€e"siny, f(0)=1+i.
Hantn koadduumeHT pacTtskeHns K 1 yron nosopoTta ¢ B TOYKE Z, Npwu
oTobpaxeHun w =u(X,y)+iv(Xx,y).

10. u(x,y) =3x%y —y3, v(x,y)=3xy?-x3

f Zozl_l.
11. u(x,y)=e*Ycosx, v(x,y)=-e"Vsinx, z,= %+i |

12. u(x,y)=x>=3xy? +3x, v(x,y)=3x?y —y3+3y -1 z,=-1+i.

3apaHua ana nHaMBuAayanbHOW paboTbl
1-3. BbiicHUTE, Kakne QyHKUMM SABMSIOTCA aHanuMTUYeCKUMu  (HamTm
w' =1'(z)), a kKakne Her.
4. Hangnte KoadMULNEHT pacTaXeHuUsa M yron noBopoTa B TOYKe Z, Mpw
oTobpaxeHumn f (z) =u(x,y)+iv(X,y).
5. BocctaHoBuTE aHanUTUYECKyld B OKPECTHOCTU TOYKU Z, (YHKUMIO
f(z)=u(x,y)+iv(X,y)no 3agaHHON OENCTBUTENBHON U MHUMOW YacTW.

1.w=(2+5i)z-iz%+3i; 1.w=(3+4i)z*+7iz+6;
2. W =ze?; 2. W =sin2z;

3.w =z-Re(z? - 22); 3.w =z-Im(3z-2%);

4. u(xy)=x3-3xy?+x%-y?, 4. u(x,y)=x%+2x-y?,

v(xy)=3x%y —y3+2xy,
26
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20 =3
5.v =3x%y —y3, f(0)=1. 5.u=eYcosx+x, f(0)=1.
OTB.: 4. kzix/a; (ng—ﬁ. OTB.: 4. k = 24/2; wzz.
3 4 _ 4
5.w=z3%+1. 5. w=z+e'?.

3.4. UHTerpanbl OT HenpepbIBHbIX U aHANMUTUYECKNX (PYHKLNNA.
UHTerpanbHaa dopmyna Kowun. dopmynbl Ans NpomsBOAHbIX

CnpaBefnvBbl cneayowmne yTBepXKaeHus!.

a) B ogHoceasHon obnactu D — C 3agaHbl HenpepbiBHaA yHKUuA f(z) u
rnagkas OpueHTUpoBaHHas Kpmeasi y .

n
J-f (z)dz = ;IbITo;f (Z,)Az,, A= E&)ﬂAsz (3.4.1)
g -

BbluvcneHne nHterpana ot dyHkumm f (z) no gyre y cBOAMTCS K BbluMche-
HUIO OBYX KPUBOMMHENHbIX MHTErpanoB OT AeNCTBUTENbHbIX (YHKLMIA:

_[f (z)dz = I(u(x,y)+ v (x,y))(dx +idy) =
V4

e

yiz=2(1)
- (u(x,y)dx—v(x,y)dy)+ij(v(x,y)dx—u(x,y)dy): {x =X (t), a<t<p”
¥ y=y(t),

(u(x(t), y (1)) X'@®)-v(x(t), y(t))-y’(t)) dt +

R ) Ry

B B
+if(v(x(t), y (1)) X0 +u(x(t), y (t))-y'®) dt :jf(z(t))-z’(t)dt.

o
NHterpan (3.4.1) obnagaeT cBoMCTBaMW KPUBOSIMHEMHOIO WHTErpana
YHKUMM OENCTBUTENBHOIO aprymMmeHTa.

6) OcHosHasi meopema Kowu. Ecnu f(z) — aHanuTMyeckas B HEKOTOPOW
ofHOCBA3HOW obnactn D doyHKUUSA, TO jf (z)dz no noOoOMy 3aMKHYTOMY KOH-

Typy C, uenukom nexawemy B D, paseH 0.
(J.)f (z)dz=0, f(z) — aHanuTn4yeckasa B D1 = D, uC.
C
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B) Ecnn f(z) — aHanumu4yeckas ¢byHkuyus pna vz € D, KOHTYyp | — pa3omk-

HYTbIW, LeNIMKOM nexuT B D, To nHterpan If (z)dz He 3aBucUT OT NyTH |, co-

|
€AMHSIOLLLErO TOUKN Z, U Z,.

jf (2)dz = Jf (2)dz =F @) =F (z,) - F (z)).
I 4}

F (z) — nepBoobpasHasa ansa f(z), F'(z) =1 (2).
r) Mycte f(z) — aHanuTuyeckaa yHkuma gna VzeD,z=aeD. Toraga
cnpaseanuea UuHmMeezparbHas gpopmyrna Kowu:

! q‘)ﬂdz:f(a).

271 z—-a
C

O6bIYHO ee 3anucbiBaloT TakK: 3aMeHMM z Hat, a Ha z

i(ﬁmdt:{f(z)’ zeD,

2ri J t—-2z 0, z ¢D.
C

[okasaHo, 4TO aHanuTuyeckas B BcbyHKLI,VIFl f(z) vmeeT B aTOM obnacTu
NPON3BOAHbIE BCEX NOPSALKOB
n! f
F(2) = CJS ® 4t ns1

i n+1
27l 2 (t_z)
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3apaHunsa ona ayauTopHou paboThl

BbluMcnute cnegyowmne nHTerpanbl OT HENPEPbIBHbIX UN aHaNUTUYeCKMX
YHKUNK:

1. | Z°dz, y - oTpesok NpsAMoii Mexay Toukamn 2, =0 n z, =1+1i.

Y
2. [z.7dz, y:(|z|=11mz<0).
e
3. |(siniz+2z)dz, y:(|z|=1 Rez=0).

4. |(3z? +2z)dz, y-payra napabonbl y =X° Mexay Toukamu z =1+i

5. lzcoszdz.
0

6. Wdz Mo Ayre okpyxHocTn |z|=1 Imz >0, Rez>0.
J z+
1

Bbluncnute MHTErpansl ¢ NOMOLLBbIO MHTerpanbHon dopmynsl Kowun wunm
dopmyn Ans NpoOU3BOAHbIX:

- (j‘) 2+S|n.z dz: Cﬁ (z% + 7)? @7 +7) o,
R 1Z(Z+2I) | . isinz
= zZ— 7[
iz_ 1 3z°+2z+4
0. § & ltaz: 0. ¢ dz;
2|1 z 7Z'||2+1|=3 (22+4)-Sin2
4 5,3 2
11, CJ-D 3z" -2z +5dz; 12, i CJ.) cos Z+1dz;
z* 27 z(z-1)
|z|-1 |z-2|=3
dz zdz
4} 5 X 14. (j‘) 3 .
|Z|:4(2 +9)(z+9) |Z_3|:6(z—2) (z+4)

3apaHua ana nHaMBMAyanbHOW paboThbl
1. Bbluucnute uHTerpasn ot HenpepbiBHON oyHKuuK f (z).

2-5. BbluMcnnte mnHTerpanbl C NOMOLLbID OCHOBHOW TeopeMmbl Kowu, nHTe-
rpanbHon doopmynbl Kowwn, dopmyrnbl HetoToHa-J1enbHuua.
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l.
1. Iidz, y — rpaHuua obnactum
z

Y
(1<|z|<2 Re z=0)

2. j(z3 +cosz)dz,
v

y:(|z|]=1Re z>0).

|
3. jzsinz dz.
0

2dz
4 C.‘Sz 2(z - 1)

T
Co0S—~Z

OtB.: 1. 41;

4. 4ri:5. —

()|

Il.

1. Iz-lmzzdz, y —ayra napabonsl y = x2
Ve

Mexay Toukamm z=0 n z=1+i1.

2. J‘(3—222+sinz)dz,

e
yi(z]=2 ImzZO).

j z +Z e2 dz.
1+i
<J‘> |n3z+2
|2-3 |—
5, % 4z,
-2z2+3
|z-1|=3
OTs.: 1. —£+i; 2.0;
35

3.2sinl+cosl-5e72 +i(sinl—2cosl);
4. 4.
T

5. 2ri.

3.5. YucnoBble psabl B KOMMNJIEKCHOW NJTIOCKOCTMU.
PasnoxeHune chbyHkuumn f (z) B psaabl Tennopa u JlopaHa

YncnoBon KOMNAEKCHbIN pag UMeEET BUL,

icn :i(an +ib,).
n=1 n=1

o0 o0 o0 o0
Pspbl Z:ReCn = Zan " ZIan = an Ha3bIBaOTCH COOTBETCTBEHHO

n=1

AEeNCTBUTENBHON U MHMMOM YacTbio paga (3.5.1).

CxoaumocTb psiaa (3.5.1) akBMBaneHTHa OOHOBPEMEHHOW CXOAMMOCTU
[ABYX PSOOB C AeNCTBUTENbHLIMWU YNeHaMWn: ero AeWCTBUTENbHOMW M MHUMOM

4acTu.

Psap (3.5.1) Ha3biBaeTcs abCONOTHO CXOAALLUMMCS, €CrNU CXOAUTCS pPsAf

n=1

30
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Tk yJa,®+b? <|a,|+|b,|, TOo psa (3.5.1) cxoauTcs aGconioTHO Toraa U

TOMNbKO TOrAa, Korga cxoaarcs abcosoTHO pagbl Zan n an
n=1 n=1
Mpn ncecnepgosaHMm Ha cxoguMocTb psaga (3.5.1) npumMeHsaTCa BCe JoCTa-
TOYHbIE NPU3HAKN CXOOUMOCTU AEUCTBUTENBbHbBIX PAOO0B C NOSIOXKUTENbHBIMU
YyrieHamu.
CTeneHHON KOMMMEKCHbIN psa uMeeT B

C, +Cy(z-a)+Cy(z~a)* +..4+Cy(z )" +...= ch(z ~a)", (352

—(k =0,12,...) e C — koapdpuumeHThl psiga, ac C.

N3 Teopembl Abens cnepyeTt, 4TO CyLllecTByeT Kpyr abContTHON CXOOMMO-
cTv pspa (3.5.2): |Z-a|<R. K psgy us Moaynei NpuMeHsioT npusHak [a-
nambepa nnn pagukanbHbln npusHak Kowun n Haxogat R — paguyc cxogmMmo-

CTMW.
Ecnn f(z) — aHanuTuyeckas yHKUMA B TOYKE Z =a, TO €e MOXHO npesa-

cTaBuUTb pagom Tennopa

©_f(n)
f(z) = Zf n(.a) (z-a)"
n=0 :

abCconTHO CXOAALLMMCS Npu | z— a| <R.
OcHo8Hble pa3srnoxeHus u obrracmu ux cxooumocmu:
2 3 n n
z° z z
1+z+2—+§+ s E —, cxoauTcs abcontoTHO Npu |z|<oo
! ! n!
n= O

-1
smz_Z( " 12—_1)| N coSz=

(2 )!

npu |z|<oo,

shz Z S(n-11 "

L
1-

|Z| < oo;
n=0

= ) z", cxoauTcs abconoTHO Mpu |z | <1
=0

In(1+2) = Z( 1)”12, z|<1.

Ecnu f(z) — PyHKUMS, aHanuTMyeckas B HEKOTOPOM OKPECTHOCTU TOYKM a,
KpOMe caMou TOYKM, TO ee MOXHO npeacrtaButb psaom JlopaHa
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f(z)=...+ (zC—_;)k - (ZC_‘;;&_l +...+ zC—_la +Cy+Cy(z-a)+...+C,(z-a)" +...,

abCoNTHO CXOAALLMMCSH NPpU I < | Z —a| <R.

1 _ 1 f(t)
C.=— PQf@)(t-a)"dt; n> C = 4) dt: n>0,
n 27zi¢ ()t -a) b P
V4

rae y:|z-a|=p,tAe r <p<R.

ch(z —a)" - npaBunbHasa YacTb paga JlopaHa;
n=0

0

C

E ( _n)n — rMaBHaA 4YacCTb pPa3J10KeHUs .
Z—Qa

n=1

Mpw pasnoXeHun anemeHTapHbIX pyHKUUA B paa JlopaHa Mcnonb3yoT oc-
HOBHbIE Pa3roXeHus.

3apaHunsa ona ayauTopHou paboThl
NccnepoBaTb CXOAUMOCTL YMCIIOBbLIX KOMMSIEKCHBIX PSAOB:

(D" .on ) cos3n S|n4n. _ 2n-1
12( - +|3—n}, 2, Z( 5+ |j, 3. Z( 3n+1j

n=1

Haintu KPyr CXoOnMMOCTU CTENEeHHbIX KOMIMJTEKCHbLIX pAOOB!:

[e e} o0 | \N
4.2 +1(Z 2+|) - (n+1)!(4+31) N
(2n+1)!
n=1 n=1
HanTtu komnnekcHyto dopmy psaga Pypbe ana 21 — nepmogmyecknx yHk-
umnm f(x):

0, ecnu - <x<0, -1 ec -2 <0,
6. f(x) = 7 f(x)=) h e masx
e ecnu 0<x<n. 1 ecnu O0<x<2.

Pasnoxuts B psg JlopaHa dyHkuuio f (z) B konbue K:
1

8. f(z)= , K 2<|z|<3.
(z-2)(z-3)

9. f(2)= 522>, K: 0<|z-2|<L
z>-32+2

10. f(2) = 2 , K 3<|z-1| <+,
(z-1(z-3)

Pasnoxutb B pag JlopaHa dyHKUuIO f (z) B OKPECTHOCTU TOUKN Z;:

Z
11. f(z)=e?3, 7, =3,;
32
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z-1 i z
13. f(z) =In—=, z, = o0; 14. f (z) =cos—+——, z, =0.
(2)=In =5, 20 =c (2) 22 z-1"°

3apaHuva ana HQuBUAyanbHOU paboThbl
1. Hangute Kpyr cXxoaguMoCTM CTENEHHOrO paaa.
2. Pasnoxute cdyHkumio f (z) B psg JlopaHa B koHuUe K.

3. Pasnoxute dyHkumio f (z) B pag JlopaHa B OKPECTHOCTU TOYKK Zj.

| .
o 3n+2 \n - (2n+1) n
1 (z+2-i) . 1. +1)
nz—c;(l+i\/§)n ;(4“
Z+2 22+ 3
2. f(2) =———"—, 2. f(z2) =———,
(2) 7z°+27-8 (2) 72’ +3z2+2
K: 2<|z+2|<4. K: 1<|z|<2.

. Z z—-3
3.f(z):smz—_l, z, =1. 3.f(z)=InT, Zy =0.
OB 1. [z+2-i|<2; OTB.Z1.|Z—3+i|<\/ﬁ.

-D"2" 1 (z+2) D" (D"

Z(Z+2)n+l Z ’ 2'§zn+1+§ on+l
. cosl sml o0 n
3. sinl+ 3
z-1 21z-17 3.-2 = z]>3
cosl n=1
—— ..., 0<|z-1<].
3(z-1)

3.6. Knaccudmkauma ocobbix Touyek. BblyeTbl

Toyka z=a, B KOTOPOM HapyLLAKTCA YCMOBUS aHaNUTUYHOCTU (PYHKLMM
f (z), HasbiBaeTCca 0coboU TOYKON 3TON PYHKLMN.
Ecnn B OKpecTHOCTM TOUKM Z =a HeT Apyrux ocobbix Toyek, TO z=a -
u3orsuposaHHasi ocobas Touka.
N3onmpoBaHHble ocobble TOYkKN ObiBaOT 3 BUAOOB:
1. z=a - ycTpaHumas ocobas Touka, ecrim f(a)= Het, Iimf(z)=C,. B
Z—a

pagy JlopaHa OTCyTCTBYHOT OTpuLaTeNbHbIE CTEMNEHN Z —a.
2. z=a - nontoc k - ro nopsgka, ecnu f(a)= Het, limf(z)=w. B pagy
Z—a

NopaHa ecTb KOHEYHOE YMCIO OTpULATENBHbLIX CTENeHeln, MnaLas U3 KoTo-

pbiX (z—a)™®

3. z=a - cyuwecTBeHHO ocobaga Touka, ecnu f(a) = HeT, limf(z) = HeT. B
Z—a

paay J'IopaHa GeCckOHEYHOE MHOXECTBO oTpumuaTtesibHbIX cTerneHen z —a.
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Bbiyemom f (z) B Touke z =a Ha3biBaeTca KoadppuumeHT C_; npu (z —a)?
B paay JlopaHa, T.e.

Res f(z)=C_;.
Z=a
Ecnn z =a - Hynb k - ro nopsgka, 1o
Res f(z)=0.
Z=a
Ecnn z =a - nontoc k - ro nopsigka, 1o
(k-1)
Res f(z) = im((z-a)*f(z)) =, k=>1.
z-a (k - 1! Ha( )

OcHosHasi meopema 0 8bl4emax:
Ecnn f (z) — aHanuTuyeckas pyHKUMS B OQHOCBSA3HOW obracTtu D, orpaHu-
YeHHown KoHTYypoM C, 3a UCKIIOYEHNEM TOYEK Z;, Z,, ..., Z,,, TO

n

<ij (2)dz = 271> Rest (2).
C

72=7
k=1 K

Bmopasi meopema o 8bi4emax:
Ecnun f(z) - dyHKUMA, aHanuTMyeckass B pacCLUMPEHHOM KOMIIIEKCHOM
MIOCKOCTH, 38 UCKIMIOYEHNEM KOHEYHOrO Yncna Touek z,, Z,, ..., Z,, TO

n

Resf (z)+Resf (z)=0.

=7y Z=00

n?

k=1
n

CneposatenbHo Resf(z)=- ) Resf(z), z €C, k =1n.
Z=0

3apaHusa ana ayauTopHou paboThbl

Nccneposatb xapaktep ocobon ToYkn z,. HanTtu BblueTbl dyHKummn f(z) B
TOUKe Z,:

e’-1 z? -1
1. f(2)= . 2, =0;: 2. f(2)= , 2, =0;
() sinzz’ ° (=) 28 +225+2%" °
2
z°-1 1
3.f(2)= , Zy = —1; 4. f(z) =cos , Zy = —TT;
() 264225474 7 r+z °
sin z sind4z-4z
5.f(2)= , Zn =27 6. f(z) =———, z,=0.
() z%(1-cosz) ° () e?-1-z ' °

Bbluncnntb MHTErparbl C MOMOLIbIO BbIMETOB:

| @ 2eZ dz: 8'Cﬁ ZSZ x84 y?3 3283,
|Z|_22 (z+1) g (z-D(z+2)
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e’ sinzdz
9. Cﬁ ~i 249 10 q‘)ﬁ
27 +2z2° +1 z°(z° -4)
|z_||:]_ |Z|=3

3apaHuAa ona uHAMBUAyanbHoOM paboThbl

1. ViccnepyinTe xapakrtep ocobon TOYKU Z,, HahauTe Bbl4eT pyHKumn f(z)

B 9TOW TOYKe.
2-3. BblumcnnTe nHterpansl ¢ NOMOLLbIO BbIYETOB.

l. Il.
ezt _ 1+ cosz
_ - _ 1.f(z2)=—, 25 =".
Lf@)=—— 2= (2) e
e?dz sinzzdz  x*>
|z|=2 |z|-3
2
3. ——dz.
) 73 _j 7?2 3. 5 2 4z,
|z-i|=3 z° -4
| z-1]=2
: : 2: .
Ote.: 1. 1; 2. —Eﬂ'i ; Ors.. 1. 0; 2. -z%;
d 3 ”—'cosl
3. 2zi(l-e™. ) '

3.7. BbluucneHue onpeaesrieHHbIX U HECOOCTBEHHbIX MHTErpPanoB C
NOMOLbIO BbI4YETOB

OcHoBHas TeopemMa 0 BblyeTax No3BONAET CBECTU BblYUCIIEHNE (j)f (z)dz k
C
BbIYUCIIEHUIO BbIMETOB NnoAbiHTErpansHon yHkummu f (z) oTHoCcUTErbHO N30-

NMPOBaHHbLIX 0COOLIX TOYEK, PACNONOXEHHbIX BHYTPU KOHTYypa C.

STnMm MeTo4oM MOXXHO BbIYUCITUTD Oﬂpeﬂ,eﬂeHHblﬁ MHTEerpan snaa
2

= _[ R (sint, cost)dt,
0

roe R — paunoHanbHas oyHKUmMS OT sint 1 cost .

3ameHa z =e'' nepeBoauT oTpesok [0; 27] U3MEHEHVUs nepemMeHHol t B

OKPYXXHOCTb | z|=1. Mpu aTOM
dz

e'+e’t z%+1 elt—et 721
B iz’

cost = : sint = - - = dt
2 2z 21 212

N OaHHbIN MHTEerpan nepexogut B MHTerpan oT KOMMSIEKCHOW NepemMeHHOon zZ

MO 3aMKHYTOMY KOHTYpy | z|=1.

35




n

2 2

| = (JS R|Z : 1;Z +1 -(_j—Z: q.)f(z)dz:zm Resf (2),
212 22 1Z z=7

2l 2l =

roe z, e(|z|<1), k=123,...,n.

OTtmeTum gBa TMna HecobcmeeHHbIX UHmMeeparsioes no 6eCKOHe‘-IHOMy npo-
MEXYTKY, K KOTOPbIM MOXHO NMPMMEHUTb TEOPUIO BbIYETOB.

1)

0 n
jf(x)dx —27i) Resf (2),
b kel ok
roe z, €(Imz>0), k = 1n. Ecrim dyHkuus f (z) yoosneTBopseT yCNoBUAM:

1. oHa aHanUTN4eckasa Ha OenCTBUTESTIbHOM Ocn X € R ;

2. UMeeT KOHEYHOE YNCNO M30NNPOBAHHbIX OCODbIX TOYeK Z,, K = 1n, npu-
Hagnexatunx BepxHen nonynsiockoctT™m Imz > 0; Ha 6eCKOHEeYHOCTU umeeT
HyNnb BTOPOro W Bbllle Nnopsaka.

2)

0

o0 n
jf(x)dx: _[e”XF(x)dx:zm Res e'? F(2),

=7y

—00
rae t >0, z, e(Imz >0), k =1n. Ecnu BbinoONHEHbI YCNOBUS:
1. F(z) — aHanuTu4eckas Ha 4eNCTBUTENBHOM OCU DYHKLNS;

2. UMeeT B BerHeIZ noJ1yny1oCKOCTU KOHEYHOE YNCI10 0COoDbIX TOYEK;
3. lim F(z) =0.

Z—>©

3apaHusa ana ayauTopHou paboThl
BbluncnuTb nHTErpansi:

2 2
1 ( dt . 5 ( dt _
' ) 13 -5cost’ ' J (3 +sint)®’
7 2 2
3. dt 55 4. 4X :2 dx:
R —4cos I XT+ X+
0(5 4 t) . 12
r x-1 _  dx .
5. ﬁdx, 6 ﬁ,
J (X°+4) J (x°+1
% Xeix . % X2e2ix
7. j 7 dax; 8. J 2 5 dx.
X< —-8x+20 X" +10x“+9

—00 —00
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3apgaHua ana nHaMBuAayanbHOW pabdoTbl

1. Bbluncnutb OI'Ipe,EI,eJ'IeHHbIIZ MHTErparsn c nomMmoLwbio BbIMETOB.
2-3. Bbluncnntb HecobCTBEHHbIE MHTEerpasbl C NOMOLLbK BbIYETOB.

l. .
27 dt 27 dt
1. | ——. 1. S
5 -3cost 4 + sint
0 0
R dx T dx
2. 3 5> . 2 2 2,92 '
J (X7 +4)7(x” +16) J (X7 +D)%(x" +4)
< 2ix 2 2 .2ix
3. er dx . 3. 4xe2 dx.
Y X —-10x + 26 Y X +13x“ +36
OtB.: 1. 4—”; 2. L; OTB.: 1. 2—”; . 2—”;
5 288 J15 27
3. 7€ (5c0s5-sin5 + 3 0,27,(39—3_29—2).
+i(c055—53in5)).

V. NIEMEHTbI ONEPALIMOHHOIO UCHUCITIEHUA

4.1. NMpeobpas3oBaHue Jlannaca. TeopeMbl IMHENHOCTU U Nogoobus.
Teopema 3ana3abiBaHUA B opuUrmHane

dyHKUMA gencteutTenbHoro aprymeHta f(t) HasblBaeTcs opuauHasioMm, ec-
NN OHa yOOBETBOPSAET YCNOBUSAM:

1. f(t)=0,npn t<0;

2.npn t>0, f(t) — HenpepbIBHA, 3a UCKITIOYEHNEM, ObITb MOXET, KOHEYHO-
ro Yncna To4ek paspbiBa NepBOro poaa;

3. Npu BO3pacTaHUK t BLINOSTHAETCA HEPaBEHCTBO |f(t)|§ Me®*', roe M u
o =const.

lNpeobpasosaHuem Jlannaca pyHkumn f(t) OEenCTBUTENbLHOrO aprymeHTa
HasblBaeTCca QyHKuMa F(p) KOMMMEKCHOW nepeMeHHOon, onpegensemas

doopmynou
F(p)= j f(t)e Pt . @.1.1)
0

®dyHkumio F (p), HangeHHyto no gopmyne (4.1.1), 6yaem HasbiBaTb U30-

bpaxeHuem.
CooTBeTCcTBME MEXOY OpUrMHANoM n nsobpaxeHnem bygem 3anucbiBaTb
cneayrowmm obpasom:
F(p)=L(f(1)).
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N306paxkeHNss HEKOTOPbLIX OCHOBHbIX (PYHKLMN-OPUrMHANOB NpuBeaeHbl B

Tabnuvue:
f(t) 1 gat U cos(wt) | sin(wt) | ch(wt) sh(wt)
1 1 n! p w p w
F —_
(p) p p-a pn+1 p2+W2 p2+W2 p2 —W2 p2 —w?

Teopema nuHeuHocmu. Ons nobbiX NOCTOSAHHBIX A N B cnpaBegnueo pa-

BEHCTBO:

L(Af(t)+Bo(t))= AL(f(t))+BL(p(t)) = AF (p)+Bd(p).

Teopema nodobus. Ecnn L(f(t))=F(p) 1 4 — HekoTOpasa NOMOXUTENb-
Has NOCTOsIHHasA, TO

L(f (A1) :%F(%j.

Teopema 3ana3dbieaHusi 8 opuauHae. Ecnu L( f (t)) =F(p) n - — moboe

NnonoXxwutesibHoe 4Yncro, To

L(f(t-7)nt-1))=e P F(p),

T.€. BKIIOYEHME OpuUrMHana ¢ 3anasgblBaHWEM Ha 7 COOTBETCTBYET YMHOXe-
HUIO N306paxeHna Ha e P7,

© N O O bk DR

3apaHunsa ona ayauTopHou paboThl
Hantn nsobpaxeHnus ona cnegyowmx OpurmHanos:

f(t)=@t* -2t +t*-7) n(1);

f(t) = (5cost —3sint) r(t);
f(t)=(e"'+4sh7t—2ch7t)n(t);

f (t) = cos®8t - 7(t);
f(t)=sh3t-5(t);
ft)=((t-D%+4(t-1)+6))-n(t-1:
f(t)=(t>—4t)-n(t-2);
f(t)=sin2(t—3)- 7 (t -3);
f(t)=(t>-6t>+4t-8)-n(t-1).

10. 3anucaTb eguHbIM aHanUTUYeCKUM BblpaxeHnem dyHkumio f(t), 3a-
AaHHYo rpadudeckn. Hantm ee nsobpaxeHune
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3apgaHua ana nHaMBuAayanbHOW pabdoTbl

Hanaute nsobpaxeHns Ana crneayowmnx OpurmHanos.

.
1. f (t)=(3e'' —4sint + 7cost) - n(t).
2. f(t)=sin6t-cos4t-n(t).
3.f(t)=(t?-t+2)-n(t-1).

4. f(t)=(2t> -—61)-7(t—3).

5.

IB{0)

v

1 2 3 t

10p-4+3i
p?+1
6p°+120

(p? +100)(p% +4)°

2p2+p+2e_p;

p3

6p;—4e_3p;
P

1 - P, a2
5. F(1—e PY1-eP+e™P),

1.
1. f(t) = (4e3 +2sh3t —6sh3t)-7(t).
2. f(t)=sin8t-sin2t-n(t).

3. f(t)=(t? +2t+5)-7(t - 3).
4.f(t)=(t*+1)-n(t-1).

5.

IRIU)

18 - 2p

OTB.: 1. 5 :
p- -9
32p .

" (p% +100)(p? +36)

2
. 20p +8p+2€_3p;

p3

2
4 2(p +3p +1) e
P

5. 1—i(l— e P)1-eP+e3P).

P 2

3

4.2. Teopema cMeLLeHUA B N300paxxeHUMN.
OudhepeHunpoBaHmne opurmHana u usoopaxeHus

Teopema cmeweHusi 8 usobpaxeHuu. Ecnn L(f (t))=F(p) n A =const, 10
L™ f(t)=F(p-2).
OTcroga cnenytoT cnpaBeanmBoCTb OPMYIT:

p-4 .
(p-A)2 +w?’

p-4
(p-2)* —w?’
n!

L(eﬂt'tn)zm’ nZl

L(e*' coswt)) =

L(e*'chwt)) =

at B " _
L(e” sinwt)) = (p—ﬁ)z W
At _ W .
L(e” shwt)) = (P2 _w?
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Teopema o dugpgbepeHyuposaHuu opuauHana. Nyctb gyHkums f(t) n pas
HenpepbiBHO auddepeHunpyema Ha npomexyTtke (0;+ o) n pyHKUnN f(”)(t)
saBNsaeTcs opurnHanom. Toraa:

a) dpyHkumy f (t), f'(t), f"(t), ..., f" D (t) Takke opuruHansi;

0) cywiecTByOT nNpeaensbl:
lim f(t)=f(+0),

t—0+0

lim '(t) =f'(+0),

t—0+0

t ﬂmof(“‘l) t) =f " 0);
B) ecnn L(f (t))=F(p), TO
L(f™(t)) = p"F (p) - p"f (+0) — p" ' (+0) —... - "D (+0).
Taknm obpasom, N3 TeopeMbl crieayer:
1) npn n=1= L(f'(t)) = pF (p)-f (+0),
2)npu n=2= L(f'(t)) = p°F (p) - pf (+0) - f(+0).
Ecnu f (t) 1 ee nobble nponssBoaHble HenpepbiBHbI Npu t = 0, TO
L(F™ (1)) = p"F (p),

T.e. onepauus AnddepeHUNPOBaHNS OpuUrnHana 3aMeHsieTca onepaumen
YMHOXeHMS1 n3obpaxkeHus Ha p.

Teopema o dughghbepeHyuposaHuu U30bpaxxeHus.
L(-OfO)=F'(p), L(-t)*ft)=F"(p), - L(-"ft)=F"(p),
TaK Kak n3BecTHo, 4YTo F (p) B 06ractu cywectBoBaHma aBRsaeTcs yHKUMen
aHarnMMTN4YeCKOWN.

3apaHunsa ona ayauTopHou paboThl

HainTtun nsobpaxeHns ansa cneayrowmnx OpurMHanos:
1. f(t) =cht-sint; 2. f(t) =cht-sht; 3. f(t)=—-tcoswt;

4. f(t)=e*"cost; 5. f(t)=t-e; 6. f(t)=t2e>;
7.f(t)=e®Dcos3(t-12)-n(t -1).

Hantn nsobpaxenus gna pyHkumn f (t) u f'(t):
8. f(t) =t -sint + cost;

9. f(t)=e 'sin’t;

10. f(t) = %(cht -sint +sht -cost).

40



4.3. O6paTHOEe npeobpa3oBaHue Jlannaca. CBepTKka OpuUrnHasnos.
Teopema bopens

Ceepmkou opueauHanos f (t) n ¢(t) HasbiBaeTcs nHTerpan suaa

Jf(uﬁp(t—u)du i (4.3.1)
0

CBoicTBa CBEPTKM:
1. nepemecTuTenbHOCTb f * @ = @ *f ;

2. accoumatmBHoCTb (f * @) *xy =f *(p*y);
3. nnHenHoCTb (aufy + ooty ) * @ = e (fL = @) + 4, (f, * @), TRE &y, a1, = const.

Teopema boperns 06 ymHoXXeHuUU u3obpaxkeHud.
Ecnn L(f(t))=F(p) u L(p(t)) =>D(p), TO CBEPTKE OPUTMHANOB COOTBETCT-

BYyeT Npou3BeaeHne n3odpaxeHun

L(f(t)* ¢(t)) =F (p)- 2(p) (4.3.2)
Ob6paTtHoe npeobpasoBaHue Jlannaca
a+io
f(t)=L"F(p) :2—1_ I F(p)eP dp - dopmyna MennuHa.
i

a—iow

C y4yetom cpopmynbl MennuHa n nemmbl XXopgaHa nonyyarT opmyny

Onda HaxoXXgeHnAa opurmHasna ¢ nomMoLlbo BbIHETOB
n

f(t)= ) ResF(p)e™. (4.3.3)
P=Pk
k=1
Ecnu F (p) - paumoHanbHasa yHkuus, T.e. F(p) = iEE; roe @ (p) n Y(p)
— U3BECTHbIE MHOMO4MEHbl U P = P, — MPOCTbIE MOMOChI, TO
n
D (Py) et
ft)= ) — e (4.3.4)
; ¥ (py)

3apaHusa ana ayautTopHou paboThbl
Mo nssectHomy nsobpaxenuto F (p) Hangute opurmnHan f (t):

4'F(p):p2?25; 5'F(ID):pf:—rzlp; 6'F(p):p2?4_,p2—5;
-2p +2

" Hp)z(pi—lf; b (p+1)(;—2>(p2+1);

2 Flp)=3 —512;28+ 360 O-F)= (p2+16£;?p2+25)'
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3apgaHua ana nHaMBuAayanbHOW pabdoTbl

Hangute opurnHan no gaHHOMY NU300paXkeHuto:
1. c nomoLubto Teopembl bopens (4.3.2);
2-3. ¢ nomoLbto BbiHeToB (dpopmyn (4.3.3)-(4.3.4)).

4 p2
1. F(p)= : 1. F(p)= :
p*(p” +16) (p* +4)(p* +9)
4p+5 p
2. F(p) = ) 2. F(p)= .
(p-2)(p*+4p+5) (p+1(p® +4p+5)
p p+3
3. F = ) 3. F = )
(P) p* +5p% +4 (P) p3+2p%+3p

O7s.: 1. l—isin4t.
4 16 O7B.: 1. 0,2(3sin3t — 2sin2t).

2. EeZt—e‘2t Ecost—Esint . 2. -0,5e7'+0,5e7"( cost +3sint).
17 17 17 .
3. 1-e'.cos+/2t.

3. %(cost —C0S2t).

4.4. UHTerpupoBaHue nNMHenHbIX anddepeHUnanbHbIX ypaBHEeHUN
M CUCTEeM NMHeNHbIX anddepeHUnanbHbIX ypaBHEHUN
onepauyuoHHbIM MeTOAOM
TpebyeTtca HanTh peweHnune Y (t) nuHenHoro anddepeHunanbHOro ypas-
HEeHUs1 C NOCTOSIHHbIMU KO3dhdMLMEHTaMM

y®W+ray"V i +a Ly"+a vy +ay=f(t), (4.4.1)
rae f (t) — opuriHan, yAoBneTBOPAIOLLMIA HaYarbHbIM YCIOBUSIM:
y©0)=Yo, Y0)=Yo, ¥Y'0) =Y. Y "P0)=y,". (4.4.2)

K o6eum yactam ypaBHeHUus (4.4.1) npumeHsiem npeobpasoBaHue Jlanna-
ca, yumTbiBagd, 4To

L(y (1))=Y (p),
L(y'(t)) = pY (P) - Yo,
L(y"(t)) = p?Y (p) - PYo — Yo,

LY ®)=p"Y (p) =" Yo = P"Pyg — = PYe" P -y ",
L(f (1)) =F (p),

noslydnm onepaTtopHoe ypaBHeHWe Buaa
(p" +ap" M+ +a, P’ +3, 4 p+a,) Y (P)+Q(P)=F(p),  (443)
rae Q(p) — HEeKOTOpPbIN MHOFOYsNEeH, KO3IgMUUMEHTbI KOTOPOro 3aBUCAT OT

HadarnbHbIX ycrnosui (4.4.2).
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N3 ypaBHeHUs (4.4.3) HAxXoauM onepaTopHOE peLleHne
v (p) = F(P)=Q(p)
Z(p)
rne Z(p)=p" +a,p" +...+a, ,p+a, .
[Mepexoast oT usobpaxeHun K opurmHanam, nosiydaemMm pelleHue 3agaydn
Kowwn ypaBHeHus (4.4.1) ¢ ycnosusamu (4.4.2)

y(t)=L"Y (p) .

AHanorn4Ho peluatotcs cuctemol J1IAY ¢ NOCTOAHHBIMU KOS MLMEHTAMM.
[Mocne npeobpasoBaHus cuctemMbl No Jlannacy nonyyYyaem cuctemMy fIMHENHbIX
anrebpanyeckmx ypaBHEHUM OTHOCUTENBHO WM30OPaKEHUN WMCKOMbIX (OYHK-
LUun, pewiaem ee. 3aTeM Nepexoanm OT N306paxkeHnin K opurnHanam.

3apaHua ana ayaMtTopHou paboTbl

Hantu pewenve 3agaum Kowwv gna andpdepeHunanbHbiX ypaBHEHUN U
cuctem andpdepeHumanbHbIX YypaBHEHWUM:

1.y"+y'-2y =-2(t+1), y(0)=1 y'(0)=1,

2.y"+y' -2y =e", y(0)=-1 y'(0)=0;

3.y"+4y =sin2t, y(0)=0, y'(0)=1;

cost, ecriu O<Lt< rx,

4.)2+X=f(t), X(O):X(O):O,Fﬂ,ef(t)Z{o ecnu t>r

(= 2X+2y +2
5.{)( X+eys x(0)=2, y(0)=1.

y =4y +1,
6. {X 2X+5Y, x(0)=1 y(0)=1.
y=X-2y+2,
7 {X V8 ()1 y(0) =1 X(0)=¥(0) =0,
X+y y =0,
{ “HD 0=y (0)=0, %(0) =y (0) =0, rae
X +y =f,(t),

t, npu 0§t<%,

fl(t):{l nou 0<t<n,

T
f,(t)=47—-t, npu —<t<n,
O, npu t=>n, (1) =17 P 2 "

0, npu t>r.
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3apgaHua ana nHaMBuAayanbHOW paboTbl

Hangute pewenna sagayn Kowwu:
1. andpdepeHymansHOro ypaBHeHNS;
2. cucTeMbl nNUHenHbIX AY.

1. y"+2y'+10y =2e ' cos3t, 1. y"-9y =sint —cost,
y(0)=5 y'(0)=1. y(0)=-3, y'(0)=2.
5 {x':_2x+5y +1 {X(O)ZO, 5 {x’=x+4y, {X(O)Zl
y' =Xx+2y+1] y (0) =2. y'=2x -y +9, y (0) =0.
OTB.: OTB.:

— o _ 3t —3ty.
1.y:e‘t(50033t+(2+%]sin3t). 1.y =01(cost -sint -12e"-13e ™)

X = i(8e3t+ 7e‘3t—12),
X :£(6e3t—5e‘3t—1), 2. 3
2. i( ) y:%(e3t—7e‘3t+3).
y==(6e3'+e3'-1).

3

V. IMHEWUHbIE PA3HOCTHbIE YPABHEHUSA

5.1. KOHeYHble pa3HOCTHU pelueTyaTbIX PYHKLMUNA.
PelleHne NMHeNHbIX OAHOPOAHBLIX Pa3HOCTHbLIX YPaBHEHUN
k -ro nopsiaika ¢ NOCTOAHHbIMU KO3 pULUMeHTamMun

Pa3HOCTHblE YypaBHEHMSI OMUChLIBAlOT MPOLIECChI, NMpoucxodsline B Auc-
KpeTHble MOMEHTbI BpeMeHU. [103TOMY OHM LLUMPOKO UCMONb3YIOTCHA B TEOPUN
aBTOMAaTMYECKOro perynmpoBaHns 1 ynpaBneHus npu aHanuse paboTbl guc-
KPETHbIX AUHAMUYECKUX CUCTEM.

Ons peweTtyaTtbix dyHKUMK f(n), n >0 onpeaennum KOHEYHbIE pa3HOCMU:

nepeoeo nopsioka — Af(n)=f(n+1)—-f(n),
8mopozo ropsidka — A*f(n) = Af(n +1) — Af(n),

(5.1.1)
k -20 nopsidka — Af(n) = A*f(n +21) - A (n).
N3 cooTHoweHun (5.1.1) MOXKHO NONy4nTbL hopmyny:
AF()=f(N+Kk)-CLf(n+k-)+CH(N+k-2)—...+
+H=D"C (N +1-m)+...+ (=D f(n), (5.1.2)
roe C.' —6uHoOMMarbHble KOAMULMEHTDI,
Cm_k(k—l)...(k—m+1)_ K!
K m! mi(k—m)!’

3HaveHus pelueTyaTon OYyHKUMN B LENbIX TOYKAX BbIYUCIIAKOT N0 dhopmyre
f(n+k)=f(n)+C.-Af(N)+CZ - A% (n)+...+C" - A™f(n) +...+ A*f(n). (5.1.3)
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JluHelHoe pa3HocmHoe ypasHeHue (JIPY) nmeeT Bua
agX(n+k)+ax(n+k+1)+...+a,_;x(n+1) +a,x(n) =f(n), (5.1.4)
roe a; =0, a #0, a,a,....a =consteR, f(n)-3agaHHaa pelueTyaTas
dyHKkumsa. Ecnm f(n) =0, ypaBHeHne (5.1.4.) HeogHopogHoe (JTHPY); ecnun
f(n) =0, 10 (5.1.4) — ogHOopoaHoe (JIOPY).
Mopsagok JIPY (5.1.4) paBeH pa3HOCTM HauMbosbLIEero U HauMeHbLIero ap-
rYMeHTOB nckoMon dpyHkumm x(n): (n+k)—-n=Kk.

Ecnu Bocnonb3oBatbca hopmynamum (5.1.3), To ypaBHeHue (5.1.4) npumert
BMA

boA*x(n) + b, AR X(n) + b,A* 2x(n) + ... + b x(n) = f(n). (5.1.5)
|_|OpFI,EI,OK pa3HOCTHOro ypaBHEHNA MOXET He CcOoBMadatb C NOpAAKOM HaW-
BbICLLEN KOHEYHOW pa3HOCTU, BXoAsLWeN B ypaBHeHMe (5.1.5).

Mpumep 1. OnpegennTb NOPALOK PA3HOCTHOIO YpaBHEHUS
A3x(n) + 4- A’x(n) +5Ax(n) + 2x(n) = 0.
PeweHue

Mcnonb3yem CoOTHOLLEHUS:

Ax(n) = x(n+1) — x(n),

A?x(n) = x(n +2) - 2x(n +1) + x(n),
A3x(n) = x(n +3) = 3x(n + 2) + 3x(n + 1) — x(n).

MoacTaBnsiemM B ypaBHEHWNE BblpaXXeHUs1 AS151 KOHEYHbIX Pa3HOCTEN.
X(N+3)+x(n+2)-(-3+4)+x(n+1)-(3-8+5)+x(n)-(-1+4-5+2)=0.

x(n+3)+x(n+2)=0.
[Nopsidok 3mozo pasHocmHoz0 ypasHeHus: k =(n+3)—(n+2)=1.
Omeem. [NepBbIN NOPSJOK.
Obuwee peweHue JIOPY k -20 nopsidka

agX(n+k)+ax(n+k-1)+...+a.x(n)=0 (5.1.6)
nmeet Bna

k
x(n) = " cix;(n),
i=1

roe c; —nobble const e R, X;(nN)—4YacTHble NMMHEeNHO He3aBUCHUMblE PeLLeHNS
ypaBHeHua (5.1.6) (i :l_k). Nx niiem B Buae dyHkumm x(n) = A", B pesynb-
TaTte NPUXoANM K XapakTepuUCTUYECKOMY YPaBHEHUIO
a A +a A+ . .+a =0. (5.1.7)

PeweHuna X;(n) BbinUCbIBAEM MO NPUHLMMY:

a) KaxgoMy OfJHOKpaTHOMY AEeWCTBUTENbHOMY A4 COOTBETCTBYET pelueHue
Pa3HOCTHOTO YpaBHEHUS X, = A" ;

6) AenCcTBUTENbHOMY KOPHIO A, KPaTHOCTU ' COOTBETCTBYET I JIMHEWHO
He3aBMCUMBbIX pelueTyaTbIX PyHKUNN
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X (N) = A" X,(N)=n-A" Xs(n)=n?-A"... ;x,(n)=n""2";
B) KaXXOOW nape KOMMMEKCHOro COMpsiKeHHbIX Yncen A =a +iff COOTBET-
CTByeT napa [OeUCTBUTENbHbIX pelletyatbiX QyHKUM X;(n) u  X,(n).

A =a+1f 3anucbiBaemM B TPUroHOMETPUYECKON (hopme
A =|4|(cos(arg 1) +isin(arg 1)), Toraa A" =|4|" (cos(narg 1) +isin(narg 1)),

X,(n) = |/1|n cos(nargd) u X,(n) = |ﬂb|n sin(nargA);
necm A=a+iff n A=a—if — KOPHN KPATHOCTN M, TO UM COOTBETCTBY-
eT 2M YacTHbIX NIMHENHO He3aBUCUMbIX peLleHnin ypasHeHus (5.1.6) Buaa
4" cos(nargd); | -ncos(nargA);......; |4 -n™*cos(nargA);

A" sin(narg 2); || -nsin(nargA);.....; |4 -n™'sin(narg ).

Mpumep 2. Hantn obuiee pelleHne ypaBHEHUS
x(n+2)+4x(n+21)+x(n)=0.
PeweHue

CocTaBnsieMm xapakTepucTnyeckoe ypaBHeHne

A2 +41+1=0,

(A+2)%-3=0, A+2=%3, 4, =-2-+/3; A, =-2++3.
Obuiee pelueHne
X(n) = ¢y (—2 —/3)" + ¢, (2 +/3)".

Omeem. x(n) = c,(—2—~/3)" +¢,(-2 +/3)".

Mpumep 3. Hantn obuiee pelieHne ypaBHEHUS
x(n+4)-4x(n+3)+6x(n+2)—4x(n+1)+ x(n)=0.
PeweHue
Xapakrepuctmyeckoe ypaBHeHue

A 4423 +61°+41+1=0,
A+D*=0, L= =Ay=4,=-1.
Obuwee pelleHne nmeet Bua
x(n) = ¢;(-1)" + c,n(=1)" + czn*(=)" + ¢,n° (=",
x(n) = (<D™ - (¢, + C,n +c5n? +¢,n?).
Omeem. x(n) = (=1)" - (¢, + C,N +C3n? +¢,4n°).

Mpumep 4. Hantn obLyee pelleHne ypaBHeEHNS
x(n+2)-2x(n+1)+4x(n)=0.
PeweHue
Xapakrepuctmyeckoe ypaBHeHue

A?-21-4=0.
(A-12+3=0, A-1=+/3i, A4 =1++3i, 4, =1-43i.
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3anvwem A, B TpUroHomeTpuyeckor dopme

[4|=~1+3 =2,
J3 p
tgp = —, =ar =_,
9p = @ =arg4 3
T /4
=2| coOS—+1SIn— |.
=2[eosSrisng)
Torpa
AN =2" (cosn—”+ i sinn—”j.
3 3

COOTBeTCTByIOLLI,I/Ie YacTHble NIMHENHO HEe3aBUCUMblE peweHna pa3HOCTHO-

ro ypaBHeHUdA MMEKT BUL

X,(n) =2" cos % X,(n) = 2" sin .
3 3
O6Lwee pelueHue: x(n) =2" (cl cos%Z +C, Sin n?ﬁj
n nz . Nz
Omeem. x(n)=2 (clcos? +C, sm?).

Mpumep 5. Hantn yactHoe pelweHne JIOPY
x(n+4)—x(n+2)+2x(n+1)+2x(n)=0,
yoosneTsopsowwee ycnosuam x(0) =3, x(1) =-3, x(2) =2, x(3)=-9.
PeweHue
CocTtaBngem xapakTepucTnyeckoe ypaBHeHne
A4 =A% +21+2=0,

A%z?4g+ax+g=o, (A +D(A2(1 -1 +2)=0.
J=-1wmm A° -2 +2=0.

A, = -1 (nogbopom onpefensem).

A2+ 2 A+l
A3+ 22 A2 20472

—21%+2
21222
2442
20 +2
0
A2-22+2=0,
(A1-D%+1=0,
doq =1%1.
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A

Torpa
=-1= x(n)=(-1)"; Jp=-1= %,(n)=n-(-1)";

—1+i=+2|cosZ +isinZ |, n_ 2" cos % 4isin% ,
A3 A3

4 4 4 4
A, =1—i =+2| cosZ —isinZ |, A= 2" cos 2 _isin% ,
‘ ( 4 4] ‘ 4 4
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Aaa = Xg(n)=+2 cos% X, (n)= 2nsm%
Obuwee pelleHne
x(n):(—1)”(cl+c2n)+\/§n(c3cos%+c4sin%)

I'Io,u,6epeM Cq1y Cy, C3, Cy TakK, 4YTOObI BLIMNONHANUCL HAaYarbHble yCcnoBua.

x(0) =3,
4x(l)=—3,
x(2) =2,
X(3)=-9
3=¢; +C3,
_3_—(cl+c2)+\/§£§](cs+c4), C,+Cq =3
C;+C,—C3—-C, =3,
2:c1+2c2+2(c3-cos%+c4singj, g C,+2C, +2C, =2,
c,+3C, +2¢c3 —2¢, =9.
—9=—(c;+3c,)+2v2 c3-(—%J+c4-%}
10 1 0]3 10 1 0|2 10 1 0]2
11 -1 -1|3 01 -2 -1|0 01 -2 -1|0
112 0 22| |02 -1 2(-1 |00 3 4|
13 2 -2]|9 03 1 -2|6 00 7 1]|6
1 0 1 O 2 C,+C3=2, C, =2
|01 -2 -1] 0 | Jc;—-2c3-¢4=0, - c, =1,
00 3 4)|-1 3cs +4c, =1, Cy =1
0 0 0 25|-25 c,=-1 c, =-1.

YacTHoe pelleHne nmeeT BuAa;

x(n)=(-1)" (n+2)+\/— (cosT—sm%nj



3apaHusa gna ayauTtopHou paboThbl

OI'Ipe,El,eJ'IVITb nopAaaokK cneayrwmx pa3dHOCTHbIX ypaBHeHMVIZ

1. A*(n) +4A% (n) + 6A%f(n) + 5Af (n) + 2f (n) = sin%[;

2. A% (n)+3A%(n) +3Af(x) +f(n)=n3 +1;
3. A% (n)+2A% (n) + Af(n) =2".

CocTaBuTb YpaBHEHUSA B KOHEYHbIX PA3HOCTAX:
4. f(n+4)-f(n)=2n+3;
5. f(n+3)+5f(n+2)-6f(n+1)=2".
HanTtu obwee (Mnun yactHoe) peweHune JIOPY:
6. 3x(n+2)-2x(n+1)-8x(n)=0;
7. X(n+2)+2x(n+1)+x(n)=0, x(0)=1, x(1) =0;
8. Xx(nN+3)-3x(n+2)+4x(n+1)—2x(n)=0;
9. x(n+3)-8x(n)=0;
10. x(n+4)+x(n)=0, x(0)=0, x(») =1, x(2)=0, x(3)=0

3apaHua ana nHaMBMAYyanbHOW paboThbl
1. OnpegennTe NOPSAOK PAa3HOCTHOIO YpaBHEHMA.

2-4. Hangute obuiee unm yactHoe peweHne JIOP ypaBHeHUN.

A% (n) + 4A%F (n) + 4A%F(n) —f(n) = 0.
x(n+2)-x(n+1)-2x(n)=0, x(0)=1, x(1) = 2.
x(n+3)+2x(n+2)-16x(n)=0.

. X(n+4)-81x(n)=0.
Ote. 1. k=2;2. 2"

3.¢,-2"+8" (cz cos?’TTﬂ+c3 sinsl?Tﬂj;

4>.°°!\>!—‘-_

4. 3" (cl +¢,(-1)" +¢c4 cos%[ +c, sin%[j .

1. A% (n) +3A%(n) - 4Af(n) + 5f(n) = n? + 1.

2. X(n+2)-3x(n+1)-10x(n)=0, x(0)=3, x(1) =-
3. X(N+3)+3x(n+2)+9x(n+1)+27x(n)=0.

4. x(n+4)-16x(n)=0.

Om. 1. k=3; 2. %(5n+1+(_1)n2n+4);
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3.¢;-(-3)" +3" (cz cos% +Cq sin%[) ;

4.2" (cl +¢,(-1)" + ¢4 cos%[ +c, sin%[] .

5.2. PeweHue JIHPY c nocTosiHHbIMU KO3dhuumeHTamMum

HaHo JIHPY k -ro nopsigka ¢ NOCTOAHHBLIMU KO3hpuumeHTamm
aox(n+k)+ax(n+k -D+ax(n+k—-2)+...+a.x(n)=f(n), (5.2.1)
roe a; =0, a, #0, a5, a, ...,  =const e R, f(n) — n3sBectHasa pelletyartas

yHKUMSA.
Obuee peweHune ypaBHeHus (5.2.1) npeactasnset cobon cymmy obuiero

peweHna X(n) coOTBETCTBYHOLLErO0 OLHOPOOHOINO ypaBHEHUSI N HEKOTOPOro
YyacTHoro pelleHuns x'(n) ypaBHenus (5.2.1):
x(n) = X(n) + x*(n). (5.2.2)
Ecnn dyHkuma f(n) umeeT cneumanbHbId Bua, TO X (N) OTbICKMBaEeTCS
MemoOoM HeoripederieHHbIX KO3ghguyueHmos.
a) lNyctb
f(n) = £"Qp(n),
rae Q,,(N) — M3BECTHbIM MHOMOYIEH CTeneHn m (pelletyartas YyHKUUS), u —

AenNCTBUTENbHOE YNCHO.
YacTHoe pelueHne ypaBHeHus (5.2.1) byaem uckatb B BUae

x*(n)= 4" -n"R.,(n), (5.2.3)
rOe r =KpaTHOCTU YuCra u MO OTHOLLEHWMIO K KOPHAM XapaKTepUCTUYECKOro
ypaBHeHust Ans ypaBHeHus (5.2.1). R (n) — MHOroYNeH cTeneHn m c noka

HensBeCTHbIMU KoadduumeHTamn. VIx onpegenum npu nogctaHoske (5.2.3)
B ypaBHeHue (5.2.1).

6) MycTb npaBas yacTtb f(n) nmeet BuA
f(n)= le(n)COSan + Rmz (n)sinan.
Torpa
x*(n) =(M(n)cosan +N(n)sinan)n",
roe creneHb MHoroudsieHos M(n) n N(n) paBHa max(ml, mz), 4YKCIIO I coBna-

AaeT C KpaTHOCTbI (PYHKUUM COSan U Sinan B dhopMyne obuiero pelweHus
X(n) cooTtsetcTBYyOWeEro (5.2.1) o4qHOPOAHOIro ypaBHEHUA.
Mpumep 1. Hantn obwee peweHune JIHPY
X(n+2)-x(n+1)-12x(n)=(5n +1)-2".
PeweHue
x(n) = X(n)+ x*(n).
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X(N) —Hangem n3 cooTBETCTBYHOLLLEro OAHOPOAHOIO Pa3HOCTHOIO YpaBHeNs
x(n+2)-x(n+1)-12x(n)=0.
CocTtaBnsiemMm xapakTepucTniyeckoe ypaBHeHNE
A -A-12=0,
€ro KopHn 4, =-3, 4, =4.
Obuwee pelleHne ogHOPOLAHOIO Pa3HOCTHOMO YpaBHEHNSA UMEET BUA
X(n)=c;-(-3)" +c,-4".
Niiem yacTHoe pelleHne AaHHoro ypaBHeHus x'(n). MpaBas yacTb
f(n)=(5n+1)-2",

npuyeM 2 He ABNSETCA KOPHEM XapaKTEPUCTUYECKOro ypaBHeHUs, r = 0.
3HauunT,

x"(n)=(an+b)-2",
a n b — noka HeonpeaerneHHble KO3IPPULNEHTDI.
x"(n+1)=(an+b+a)-2""*=(2a-n+2b+2a)-2",
x"(n+2)=(a(n+2)+b)-2"* =(an+2a+b)-4-2" = (4an +8a+4b)-2".
MoactaBum x“(n), X (N+1) n x*(n+2) B UICXOQHOE YpaBHEHME:
(4an+8a+4b)-2" —(2an+2b+2a)-2" -12(an+b)-2" =(5n +1)-2".
4an+8a+4b-2an-2b-2a-12an-12b=5n+1.

—10an + 6a—10b =5n +1.
[MpupaBHsaem ko3 PULNEHTBI MPU OANHAKOBLIX CTEMEHAX N :

n' |-10a =5, a= —% = -0,5, {a - 0,5,
0 _ — — _
n”|6a-10b=1 " lyop_ga-1--3-1-4, (P=70%

Torpa

x"(n)=—-(0,5n+0,4)-2".

3HaunT, obiee pewenune JIHPY npuHumaet Bua
x(n) = cl-(—3)n +C,-4"-(0,5n+0,4)-2".
Omeem. x(n)=c¢,-(-3)" +¢,-4" —(0,5n+0,4)-2".
Mpumep 2. Hantn yactHoe peweHne JIHPY
x(n+2)+ x(n)=sin2n, x(0)=0, x(1) =1.
PeweHue
x(n) = X(n)+ x*(n).

X(N)=? x(N+2)+x(n)=0, A°+1=0, A, =4i.

. T . . T . T . . T
=1 =1-|cos—+1SIn— |, =—]=1-]cOS——1ISIn— |.
A ( 2 2) & ( 2 2)
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n nz . . Nxw nrx .V
=COS——=*IsIn—, X;(Nn)=c0s—,; X,(N)=sIn—.
(42) > 5 %) =Cos—; xp(n) = sin=

_ Nz . Nz
ObLLee pelLeHne ogHOPOAHOro ypaBHeHusa X(n) =c; - 0037 +C, -sm7.

Nuwem yacTHoe pelueHne x'(n) gaHHoro ypaBHeHus. Tak kak f(n) =sin2n
N Takon pyHKUMKM B X(N) HET, TO

x*(n) =asin2n + bcos2n,
x*(n+1) =asin2(n +1) + bcos2(n +1),
x*(n+2)=asin2(n +2)+bcos2(n +2).
MoacTtasnsieM B UCXodHoe ypaBHeHune X (n) u x*(n+2):
asin(2n+4)+bcos(2n +4)+asin2n + bcos2n =sin2n,

a(sin(2n +4)+sin 2n) + b(cos(2n +4)+cos 2n) =sin2n,
2asin(2n +2)cos2+ 2bcos(2n +2)cos2 =sin2n,
2acos2(sin2n-cos2+cos2n-sin2)+2bcos2(cos2n-cos2—sin2n-sin2) =
=sin2n,
Za(sin 2n-cos?2 +cos2n-sin2-cos 2) + 2b(cos 2n-cos®2 —sin2n -sin2cos 2) =
=sin2n.

sin2n | 2acos?2-2bsin2cos2 =1

cos2n | 2asin2cos2 + 2bcos? 2 = 0.

2
CcoSs“2-cos?2 )
2acos’2-2bsin2cos2 =1, —2b sin2 —2bsin2cos2=1,
asin2+bcos2 =0, Ccos?2
a=-b——.
sin2
3 . 2 .
—2bCOS 2+§|n 20032:1, be_ sin2 :—itgz; azl
sin2 2C0S2 2 2

YacTHoe pelleHne JaHHOro ypaBHEHUS! NMONyYeHO
x*(n) = %sinZn —%th-cosZn.
Obuiee pelueHne
x(n) = clcos%r+ C, sin%[+%sin2n —%thcosZn :

Haxoamm c; 1 c,, ucnonb3ysa HayanbHble ycrnosusa x(0) =0, x(1) =1.

x(O):cl—%th=0, clzétgz.

.cos2+1=1.

X(2) =C1+13in2—1t92-c032:1, c, _ 1o, 1sin2
2 2 2 2 cos?2
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YacTHoe pelwieHne nmeet B

x(n) = ith-cosn—”+sinn—7[+lsin2n —itQZ-COSZI’] =
2 2 2 2 2

:ltgz-cos N7 o sinlZ ! (sin2n-cos2-cos2n-sin2) =
2 2 2 2cos?2
: sin2(n-1
:ltgz-cosnﬂ+smn”+ ( )
2 2 2 2c0Ss2

Ecnn npaBas yactb ypaBHeHus (5.2.1) He MmeeT cneuuansHOro Buaa, To

x"(n) oTbICKMBAIOT NO METOAY BapuaLmnm NPON3BOSTbHbIX MOCTOSHHbIX.

[Myctb paHo JIHPY BTOpOro nopsgka ¢ NOCTOSAHHbIMU KOadhdmLUneHTamm

agX(n + 2) + a;x(n +1) + a,x(n) = f(n), (5.2.4)

roe a,, a;, a,=consteR, a;#0, a, =0, f(n) — n3BectHasa pelweryaTas
dyHKUMA obLuiero Buaa.

Haxoanm obLuee pelleHne ogHOPOOHOIO ypaBHEHUS (f(n) = O)

X(n) =cy - X(N)+C, - X,(N),

rae ¢, U c, —vceonst, X;,(N) — YacTHble IMHENHO HE3aBUCKMbIE PeLLEHNS

OLHOPOAHOrO ypaBHEHMS.
YacTHoe pelueHne X (n) ypaBHeHus (4) Byaem nckatb B BUOE

x*(n) = cy(n) - X, (N) + C5(N) - X, (n),

Ob6o3Ha4nm
c;(n+1)-c,(n)=Ac,(n) =c,,
Co(N+1) —c,y(n) = Acy(n) = B,
MNocnegoBaTenbHOCTU «,, U S, onpeaenym U3 CUCTEMbI
oy - X (N+1)+ B, - X(n+1) =0,
f(n) (5.2.6)

an - X (N+2)+ B, - X,(n+2) =

3Haa a, n f,, n3 (5.2.5) Haxognum c,(n) n c,(n) n cocrasnsem obLiee
peLleHne NCXOAHOro ypaBHEHUS.

Mpumep 3. Hantn vyactHoe pelweHue JIHPY no metony Bapuauum npoms-
BOJIbHbIX MOCTOSIHHbIX
X(Nn+2)-3x(n+1)+2x(n)=n.
PeweHue
x(n) =X(n)+x"(n),

X(n)="?
X(n+2)-3x(n+1)+2x(n)=0,
A% -31+2=0,
A=1n i, =2.

X, (N)=1um x,(n)=2".
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O6LLee pelueHNe OAHOPOAHOIO PAa3HOCTHOIO YpaBHEHWS
X(n)=c;-1" +c¢c,-2".

Eyﬂ,eM NCKaTb YaCTHOE pelleHne HeoaHoOpPoOaHOro pa3HOCTHOIoO ypaBHEHUA

B BUae
x*(n)=cy(n)-1" +c,(n)-2"

Hangem c,(n) n c,(n) no ycrnosuam (5.2.5). [ina atoro onpegenum no

dopmyne (5.2.6) nocnegosatenbHOCTN o, U [,

an .1+ ﬂn . 2n+1 — O’ an e —ﬂn . 2n+1’ an = _nl
n+2 < n+2 n+1 < n
an 1+, -2 =N, :Bn(2 -2 ):n’ ﬂn:2n+1'

Taknm obpasom, NonyyYnnm cuctemy
ci(n+1)—cy(n)=—n,

n

C,(n+1—c,(n)= o

[Ons peweHuns atux JIPY nepsoro nopsigka He 6yaem mMcnonb3oBaTb METOA

HeonpeaeneHHbIX KO3APULMEHTOB.
PaccmoTpum nepBoe pa3HOCTHOE ypaBHEHWE NepBOro nopsaka
ci(n+1) =cy(n)—-n.
Myctb ¢,(0) =c,, Toroa
() =¢,(0)-0=cy;
cy(2) =¢,()-1=c, -1,
c,(3)=c,(2)-2=c¢,-1-2=c¢,-3;
c,(4)=c,-3-3=c,-6;

c,(5)=c, -10;
1+(n-1 nn-1

cl(n):c1—1—2—3—4—...—(n—l):cl—M-(n—l)zcl— (2 )
Pewaem ypaBHeHue c,(n +1) =c,(n)+ il
C,(0) =cy;
c,()=c,+0;

1.
02(2)=02+?1

1 2.
C2(3)2C2+?+2—3,

1 2 3.
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02(5):02+2—12+£+i+i

SPTAP
B 1 2 3 4 n-1_
cz(n)—cz+?+2—3+2—4+2—5+...+ T
1 1 1 1 1 1 1
=C,+—|1+2-—+3-—+4-—+...+(n-1)-— |=C, + —-C5 | N,— |,
2 22( 2 22 23 ( ) 2n—2j 2 2n 3( 2)

1 1 1 1
roe c;|n,— [=1+2-—+3-—+...+(n-1)- )

Ob6o3Ha4YnM X = % Torga

C3(N,x) =1+ 2X +3x% +...+ (n —)x"?;

n-1 n
4 X—X-X X — X
ICB(n,x)dx:x+x2+x3+...+x” 1o =

1-x 1-x
Torpa
N (1o nx™ ) (1 x) 4+ x - X"
03(n,x):[x . J ey -
1-x X (1_X)
1-nx"t—x+nx" +x - x" _1—nX”_1+(n—1)Xn

(1-x)° (1-x)°

1
MoactaBuM X = > Toraa

1 n n-1) 2"-2n+n-1 2"-n-1
C3 n’E :4 1_ 2I’1—1+ 2n - 2n—2 - 2n—2 '

Takum obpasom,

1 2"-n-1_ 1 N+l
27 gz 2T

Cy(N)=cC, +

OOLee pelleHne NCXOQHOro ypaBHEHNS
x(n)=cy(n)-1" +c,(n)-2",
n(n-1) n+1) .,
X(n)=c; - +|C, +1- 27
SR N
n(n-1)

x(n)=c;+¢,-2"+2" —(n+1) - ;

2
x(n):cl+c2-2”+2”—n+—2n+2.
n®+n+2

Omeem. x(n)=c,+c,-2" +2" — >
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3apaHusa gna ayauTtopHou paboThbl
Pewuntb JIHPY mMeTOogOoM HeonpeneneHHbIX KO UUNEHTOB.
. X(N+2)-4x(n) = 4"
2. X(N+2)-6x(n+1)+9%x(n)=n-3", x(0)=0, x(1) =0.
3. x(n+3)=3x(n+2)+3x(n +1) - x(n) = n?.
4. x((n+3)+3x(n+2)+3x(n+1)+x(n)=cosnz, x(0)=x(1)=x(2)=0.
5. x(n+3)+8x(n)=2".

Hantu pewenne JIHP ypaBHeHUn mMeTooOM Bapuaunm NpOU3BOSbHbLIX MO-
CTOSAHHbIX

6. X(N+2)+4(n+1)+4x(n)=3".
7. X(n+2)=x(n+1)—2x(n)=n.

|

3apaHusa ana nHaMBuAayanbHOW paboTbl
Pewnte cnegywouwimne NMHENHbIE HEOAHOPOAHbLIE PA3HOCTHbIE YPaBHEHNS

l. Il.
1. x(n+2)-6x(n+1)—7x(n)=8n-3". | 1. X(n+2)-10x(n +1) +25x(n) =

=(2n-6)-3".
2. x(n+2)-2x(n+D)+x(N)=3n+5. |2, x(n+2)-5x(n+1)+6x(n)=24-3".
3. x(n+3)+8x(n) =(-2)" - 48. 3. x(n+2)+2x(n+1)+x(n)=cosnr.
OtB. 1. ¢;- 7" +¢,(-)" -0,5n-3", OtB. 1. (c; +¢c,n)-5" +0,5n-3".
2. ¢, +C,n+0,5n° +n?. 2.¢,-3"+c,-2"+8n-3".
3. (-2)"(c,—2n) + 3. (-1)"(c, +¢c,n —0,5n?).

n nz . Nrx
+2 czcos?+c3sm?.

5.3 PeweHune cuctem JIPY ¢ noctosiHHbIMU Ko3duLumeHTamu

Cucrema ABYX NUHENHbIX HEOAHOPOAHbLIX PA3HOCTHbLIX ypaBHeHvuZ nepBoro
nopsaka ¢ NOCTOAHHbLIMA KOS(*)(*)VILlVIeHTaMM nmeeT Bng

x(n+1)=a,,x(n)+a;,y(n)+f(n),
( ) 11X(N) + a4,y (N) +f,(n) (5.3.1)
y(n+1) = ayx(n)+ayy(n) +f(n),
rae a; =consteR, i,j=12; fi(n) (i =12) — sapgaHHble peweTtyaTble yHK-

Luu.
TpebyeTtca HanTh peweTyaTble yHKUMM X(n) 1 y(n), yooBneTsopstoLimne

cucteme (5.3.1) 1 HavanbHbIM ycnoBuaM X(Ng) = Xy, Y(Ng) =Yy, €Cnn OoHu

3afaHbl.
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Cuctemy (5.3.1) MOXHO CBECTU K OAHOMY Pa3HOCTHOMY ypaBHEHUIO BTOPO-
ro nopsgka OTHOCUTENBHO OOHOM M3 UCKOMbIX (DYHKUUIW (METOA UCKITHOYEHMS
HEen3BeCTHbIX).

{x(n +2)=a X(n+1) +aLy(n+1)+f(n+1), (5.3.2)
y(n+1) =ay,x(n) +ayy(n) +f,(n). o
Mogctasnsem y(n +1) B nepBoe ypaBHeHWE cucTemsbl (5.3.2)
X(N +2) =ay;x(n+1) + &g, (a,x(n) + a5,y (N) +f,(n)) + f1(n +1),
(5.3.3)

y(n) = i(x(n +1) —ay,x(n) - (n)).
ap

NMocne nogctaHoBkM Yy(Nn), B3ATOrO M3 MNEPBOro YpaBHEHUSI CUCTEMbI

(5.3.1), B nepsoe ypaBHeHune cuctemsbl (5.3.3), nonyyum JIHPY BTOpOro no-
pagka oTHocuTenbHO yHKUMK X(Nn). PewmnB 310 ypaBHeHWe, Haxoaum y(n)

N BbiNUCbIBaeM obiee peweHne cuctemsl (5.3.1).
Mpumep 1. Hantn obuyee pelueHne cuctemol PY
{x(n +1) = —x(n) + 5y(n),
y(n+1) =-x(n)+y(n).
PeweHue
{x(n +2)=-x(n+1)+5y(n +1),
y(n+1) =-x(n)+y(n).
x(n+2)=-x(n+21+5(—x(n) +y(n)),
5y(n) =x(n+1)+ x(n).
X(n+2)=-x(n+2)-5x(n)+ x(n+1)+ x(n).
Mony4unnu JIOPY BTOpOro nopsigka oTHOCUTENbHO PYHKUMK X(N):
x(n+2)+4x(n)=0.
A?+4=0,

. T . . T
A =22i, A=2I=2|cos—+isSin— |.
( 2 2)

AN = 2" cos T L2 sin D2
2 2

Nz . nr
x(n)=c¢,-2"cos—+c, - 2" sin—.
! 2 C 2

Hangem cyHkumio y(n):

. (n +1)7r

n+1
5y(n) = x(n+1)+x(n)=¢; - 2“*1003( > )7 +¢,-2"sin +

+c, - 2" cos % 4 c, 2" sin% - 2c, - 2" (—sinn—”j +2c, - 2" cos % 4
2 2 2 2

+c, - 2" cos%zqtc2 20 sin%z =2"(-2c, + cz)sin%[+ (c;+2c,)-2" cos%.

57



Ob6uiee pelleHne cucTtemMsl
n .n
x(n)=2" (clcos%Z +C, sm%j,

n

2 nz . Nz
y(n)= ?((cl + Zcz)cos7 —(2c, - cz)sm7j.

x(n)=2" (clcos%[ +C, sin%),

Omeem. i

2 Nz . Nz
y(n)= ?((cl + 2c2)cos7 —(2c, - cz)sm7j.

PaccmoTpum cnydan cuctemol JIOPY ¢ nOoCTOSIHHbIMU KO3 puumeHTamu:
X:(N+1) = ay,.%,(N) + ay,X,(N) + ... + &y, X (N),

Xo(N +1) = 8y%(N) + 855X5(N) + ... + 8o Xy (N), (5.3.4)

Xn(N+1)=a_,%(n)+a,,X,(N)+...+a,,X%,(Nn),

rae a; =consteR (i,j =],_m).
Bynem nckatb HeTpuBManbHble peleHns cuctemsol (5.3.4) B Buge
roe o, a,,...,0,, A NOKa HEM3BECTHblE YMcna.

Moacraeum (5.3.5) B cuctemy (5.3.4), nocne cokpalleHus Ha A" v rpynnu-
pOBKM cnaraembix nony4mm cuctemy (5.3.6):

OTHocuTenbHO ¢y, a5, ..., o (5.3.6) — NMHenHaa ogHopoaHasa anrebpaun-

YyecKad cuctemMa.
OHa umeet HETpMBUaAribHbl€ peLlEeHNA, ECIN €€ ornpeaesinTernb paBeH 0.

-4 &y . Ay
Am1 a2 Anm — A

YpaBHeHue (5.3.7) HasblBaeTCA XapakTepUCTUYECKUM ypaBHEHUEM CUCTe-
Mbl (5.3.4).
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N3 ypaBHeHnsa (5.3.7) Haxooum Bce ero peleHnsa A, 4,, ..., 4, And Ka-
xpgoro /4; coctasnsaem cuctemy (5.3.6), onpeaensem cooTBETCTBYIOLLME 3HA-
verna oV, of ..., al) (i :J,_m)

BoinucbiBaeM m 4acTHbIX JIMHEMHO HE3aBUCUMbIX pPeEeLIeHUN CUCTEMbI
(5.3.4)

xP(n), xP(n), - x{™(n),
xP(n), x@(n), - x§™(n),
xQ(n), x&(n), - x§(n)

n coctaBnsieMm obuiee pelwieHne cuctemsl (5.3.4)

x,(n) = g ijij)(n),
=1

X(n) = 3 ¢, X6 (m),
-1

m .

X (Nn) = _Zlcjxﬁr{)(n),
J:

roe ¢;, C,, ..., C,, — V const eR.

Mpumep 2. Hantn obwee peweHne cuctemsl JIOPY ¢ nomMoLLbio XxapakTte-
PUCTUYECKOIO YPaBHEHMUS.

x(n+1) =3x(n)—-y(n)+z(n),
y(n+1) =-x(n)+5y(n)-z(n),
z(n+21) =x(n)-y(n)+3z(n).
PeweHue
Nuwem pewenve B Buae x(n)=a-A", y(n)= BA", z(n)=yA", roe a, B, ¥
N A Noka Hen3BeCTHble Ynucna.
Cocrasnsiem cuctemy suga (5.3.6)

B-Aa-p+y=0,
—a+(5—/1)ﬁ—7/:0, (5.3.8)
a-f+(3-1)y =0,
N Xapakrtepuctmn4yeckoe ypaBHeHmne ﬂ,aHHOVI CNCTEMDI
3-4 -1 1
1 5-4 -1]|=o0.
1 -1 3-4
(3-2)°(5-4)+1+1-(5-4)-(3-1)-(3-4)=0.
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(3-1)°(5-4)+2-11+31=0
(3-4)°(5-4)-3(3-4)=0.
3-4=0wnm (3-2)(5-1)-3=0.
A*-81+12=0, (41-2)(A-6)=0.
KopHu xapaktepuctmyeckoro ypasHeuusa 4, =2, 4, =3, 43 =6.
Ana A, =2 coctasnaem cuctemy (5.3.8):

a-p+y=0,
a-pB+y=0, 23 =0, B =0,

-a+3p-y=0, = 3 0 = 0 = B
G- fty=0, -a+3p -y =0, a+y=0, a=-y.
Myctb  oy=1, p =0, yp=-1, Torma x(n)=1-2", y,(n)=0-2",
z,(n)=-1.2".
Ans A, =3 cuctema (5.3.8) nmeet Bua
-B+y=0

B B=v,
-a+2-y=0, = B
a-pB=0, a=p

Ecrm a, =1, B, =1, y, =1, 70 x,(n)=3", y,(n)=3", z,(n)=3".
Ana A; =6 cuctema (5.3.8) umeet Bua
-3a-p+y=0,

—2a+2y =0, a =y,
a—ﬂ—37/20’ ﬂ 7/_ 1 ﬁ_ 7/’

Ecrv oy =1, B3 =-2, y3=1,70 X3(n)=6", y,(n)=-2-6", z;(n)=6".
Obuee peweHne cuctemol JIOPY
x(n)=c,;-2"+¢,-3"+¢c;-6",
y(n)=c,-0+c,-3"-2c;-6",
z(n)=-c,;-2"+c¢,-3"+c;5-6".
x(n)=c,;-2"+c¢,-3"+c;-6",
Omeem. {y(n)=c,-0+c,-3" —2c;-6",

z(n)=-c,;-2"+c¢,-3" +c5-6".
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3apaHusa gna ayauTtopHou paboThbl

Pewntb cneagywuwme CUCTemMbl JIPY meToooM UCKNOYEHNA HEU3BECTHbIX.

x(n+21) =-x(n)-2y(n),

{y(n +1) = 3x(n) +4y(n).
x(n+1) - x(n)+y(n)=3",
{y(n +1)+2x(n) =-3",
x(n+1)=-5x(n)+2y(n)+1
{y(n +1) = x(n)-6y(n)+(-2)".
x(n+1) = x(n) -3y(n),

{y(n +1) =3x(n)+y(n).

T(n +1) =3x(n)-y(n) +z(n),

x(0)=3,y(0)=0

o

y(n+1) =x(n)+y(n)+z(n), x(0)=9, y(0)=0, z(0)=1.
z(n+21) =4x(n)-y(n)+4z(n),

3apaHua ana nHaMBuAayanbHON pabdoTbl
PelwmnTb cUCTEMbI MIMHENHBIX PA3HOCTHbLIX YPaBHEHWU

|1- {x(n +1) =4x(n)-y(n),

" ly(n+2) = x(n)+2y(n),

, {x(n +1) =5x(n) + y(n) +30n-2",
y(n+1)=12x(n)+y(n)-2""

x(0)=1, y(0)=0.

Orts. 1. {X(”) = 3”‘1&r_11+ 3), 5 x(n)=c;- 7" +c,(-1)" - (Zn + %j N
e y(n) =2¢,7" - 6¢,(-1)" +(-24n +6)- 2"

.
L {x(n +1) = 3x(n) + 4y(n),
" ly(n+1) = x(n)+3y(n),
5 {x(n +1)=2x(n)-y(n)+12n + 3,
y(n+1)=x(n)+4y(n)+1.

x(0)=2, y(0)=1.

Ora. 1 {x(n) =2.5", {x(n) =3"(c, +C,N)—9n - 8,5;
y(n) =5". y(n)=3"(-¢c; —(n +3)c,) +3n +3,5.
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