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l. MpakTUyeckune 3agaHnsa no paspeny
«AneMeHTbl IMHEUMHOW U BEKTOPHOW anreopbi»

Ne1. Bulumncnutb onpegenutens.

Ne2. PelunTb cuCTEMY JIMHENHbIX YpaBHEHUW MeTOAOM obpaTHOW maTpu-
Lbl.
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3X+5y +2z=-7;
1X+Yy—5z=-6;
X+2y—4z=-8.
3Xx+4y -5z=2;
4x -3y +z=17,
X+4y -4z =0.
Sx-3y+z=4,
1X+2y+z=10;
2x -3y +z=1.

W K DO = O B W = bR WO N~ WD

T o -

0

N N S \S)

W DN W

0
2
3
1
3
0
5
1

W N R W R =N
w W N O

3
2
3
1

5
1
3

-1 4

(2x +5y -5z =-9;
X+y+z=4;
3IX+2y -4z =-1.
X-3y—-5z=-T7,
2X+2y+z=09;
X+4y +3z=5.
(2x+5y+z="1,;
X+2y -4z =-5;
2X+4y +z=8.




4x -5y +z =-6;
4. <2x+y-—-2z=-4;
2X+3y -2z=4.
4x -5y +3z =-1;
5. iX+y-2z=-5;

3IXx-4y +z =-8.

10.

X+35y+2z=4,
2X+y—-2z=2;
3x+2y—-2z=6.
(2x+y—-3z=-3;
4x+2y -4z =2;
X+2y+z=7.

Ne3. PelwnTb cnctemy NIMHENHLIX ypaBHeHU No popmynam Kpamepa.

X—-3y+2z=2,

12X +6y —-3z=75;
3x+4y -2z =35.
TX+2y -9z =-2;
2xX -3y +7z=-4;
Sx—-4y +8z=-T7.
2X+3y+z=-4;
s X+4y +3z=-7;
2X+3y +5z=4.
X—-2y-3z=4;

3Xx+5y+2z=1,

2x -3y —4z=12.
Sx+4y +3z=10;
14X +2y +z=06;

3Xx-4y -5z =-2.

6.

10.

<

2X-y—-6z=1,
3x -2y -8z=1,
X—-4y +5z=-2.
3X+y—-4z=-T7,
4x -2y — 2z = —6;
X+35y-5z=2.
Sx+3y +2z=35;

4X +2y +3z=—1;
2X+y+4z=-8.
3x -3y —-2z=-3;
X—4y +z=-8;

3x+2y-5z2=8.
X+3y+2z=-4,
3X+y-5z2=9,

X-2y -4z =10.

Ne4. Pewntb cnctemy NIMHENHbLIX ypaBHeHU MeTogom [aycca.

2X -3y +2z=24§,;
2X -8y +7z=13;
x-3y+2z=1.

X-2y+2z=1;

12X -3y +9z =11,
3x -5y +3z=4.
3X+y—-3z=-9;
2X+8y —6z=-23;
X=5y+2z=-1.

6.

3x-9y +4z=10;

2X+y—6z=-7,
—4x+5y+3z=-1.
X+3y -4z =-5;
2X+y—-2z=-2,
—4x+5y -z=3.
2X+3y -z =1;

2X+y -2z =-2;
S5x+5y—-z=-4.



1.

2X -y +2z=4;
2x-3y+7z=11I,
7X+5y—-6z2=09.
3IX+9y -7z =-2;
12X -3y +2z=75;
4x +5y -6z =-7.

10.

X+3y—-z=5;
2X+4y —z =6;
5x+2y+3z=_8.
3X+2y -5z =4,
2X+3y+4z=7,
X+2y-3z=-8.

N

Ne5. Hantn cobcTBEHHbIE 3HAYEHUSI U COBCTBEHHbIE BEKTOPLI MaTpULbl.
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Il. MpakTuyeckune 3agaHnsa no pasgeny
«OCHOBbI aHaNUTUYECKON FreOMeTPUN»

Ne1. [laHbl BekTOpbl & W b . Bblunciutb (3 —2b)- (b + 23):
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=(1;4;5);
=(2;-4;1);
=(3;5;1);
=(1;2;3);
=(2;4;-5);
=(5;-3;2);
=(-1;-3;5);
=(3;-1;1);
=(5;-2;1);
=(3;-1;5);

—

b =(3;4;-2).
b =(1;2;-4).
b =(-2;4;-3).
b =(3;4;5).
b =(-3;1;5).
b =(1;4;3).
b =(2;5;-2).
b =(2;3;-3).
b =(-4;1;3).
b =(5;4;-3).



Ne2. Haintu yrnosomn KoappmumeHT NpsamMon, NpoxoasLuen Yepes Toukn A u B

1. A(-2;4), B(3;2). 6. A(-4;3), B(1;2).
2. A(31), B(4;-9). 7.  A2;3), B(-5-2).
3. A(45), B(1;-2). 8. A(1:1), B(5;3).

4.  A(1;3), B(-2;4). 9. A(2;-3), B(4:3).
5. A(5:1), B(1;-1). 10. A(-3;4), B(-5;2).

Ne3. [laHbl koopauHaTbl BeplunH TpeyronbHuka ABC. Hantu nnowagb
TpeyrosnbHUKa, ecrnu:

1. A(Z-1), B(3;2), C((6;1). 6. A(1;2), B(-1;1), C(1;-1).
2. A(1;4), B(3;2), C(21). 7. A(-21), B(45), C(3;2).
3. A43), B(2-4), C(21). 8. A(3;3), B(4-2), C(24).
4. A(-31), B(4;2), C(1;3). 9. A(1;3), B(-2;-2), C(1;1).
5. A(5:-3), B(-4;2), C(1;1). 10. A(45), B(-2;3), C(1;2).

Ne4. Hantu pacctosiHue oT Toukum D [0 NAOCKOCTWU, Npoxodsiien 4vepes

Toukn A, B n C:

A(-9;8;-5), B(-7;9;-6), C(-8;6;-4), D(1;2;0).
A(3;-1;2), B(4;2;3), C(4;-3;-2), D(-1;1;2).
A(1;2;3), B(2;2;4), C(3;1;-2), D(2;3;2).
A(4;-2;1), B(-5;1;4), C(3;1;2), D(1;3;4).
A(4;-2;5), B(3;1;4), C(2;-3;2), D(1;2;1).
A(6;-1;4), B(4:;1;2), C(5;-3;5), D(4;2;3).
A(3;4;-5), B(5;5;-6), C(2;2;-4), D(5;1;-4).
A(6;-3;4), B(4;-6;3), C(8;-4;1), D(6;-4;1).
A(3;7;-4), B(4;5;-3), C(2;3;1), D(5;-4;1).
A(-2;1;-4), B(-4;5;-3), C(1;2;-2), D(1;7;1).
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Ne5. YcTaHOBUTL B3anMHOE pacnonoxeHue npsimon L 1 nnockoctn f:
x-1_ y-5 z-1,

1. L: X X+2y+32z+5=0.
5 1 4 p Y

o L XFO_¥YT2_Z73. 4 i3y sdzel=0.
4 -3 2
xX-2 y-3 z+4

3. L: = = , 1 3x-2y—-z+5=0.
5 1 4 p Y
x-3 y-2 z-4

4. L: = = X C2X+5y—-4z+3=0.
2 3 4 p 4

5, L:XF2_YT2_Z73. g4y 37410=0.
2 3 4
x-2 y-4 z-1

6. L: = = X C5x+2y+3z-7=0.
—4 2 3 p Y



x=-5 y-1 z-4

7. L: = = , : 2X—4y -3z-2=0.
3 -1 2 p 4

8. L: x—4:y+2:z—1; B Xx-2y+5z+7=0.
-1 2 3

9 L:X+3=y_4:2+5; B:3x+2y—2z-3=0.
4 -2 5

10, L. XZ2_YES_Z73. 4oy 3y iaz-4-o.
-4 3 2

lll. MpakTyeckue 3agaHusa no pasgeny
«lMpepen n HenpepbIBHOCTb»
Ne1. Bbiumncnutb npeaen:

a)
. 2XT=5x-17 . X —2x-8
1. lim — : 6. lim—; :
x>l IXT 4+ X =2 x>42Xx° =Tx -4
2 2
o) lim x2+3x+2‘ 7. lim 4x 2+7x+3.
x>22x° +5x+2 x>-1 2"+ X—1
. 2x*-9x+9 x> +2x-15
3. lim—; : 8. im — :
x>3 X" —5X+6 x>52x°+Tx—15
w2 _ 2
4. fmX=X 9 9. lim2X 2X+10
x4 X7 —=2X -8 x>2 4X+8
2 . 2 .
5. lmX X% 10. lim X —X=%
x4 X7 —TX+12 x>2 X" +T7x+10
0)
. 4x’ —2x+1 . 3x+x°
1. lim—; 5 : 6. Im—————.
x>0 )X +3X° +2 x>0 x° —3X 44
—x* 2
2. lim X=X 5 7. fim2X 28X+l
xow 4 x4+ 8x —1 xom X' 4 X =2
7 3 w4
3. lim XX 9% 8. lim X=X
x> 3Ix° —11x -2 x> X +3X7+2X
3 42 3 _
4 lim S5x7=Tx"+3 9, Iim2X4+7X 1-
xom Q42X — X x>0 3" +2X =2
5. lim 99X +2X 10. lim2X "2 "7
x> X 4+ 6X" —3X x> 3x" +3x +10
Ne2. Buluncnutb npegen:
. Ax+4-3 . X =27
1. lim 6. lim————.
x—>54/ -1=2 X233 — X
NX-=3-2 \/x+2 -4
PECIES :

2. lim

X—7

7.
H—4 X* + 64



. NS+ x -2 : 3x
3. lim ——. 8. lim .
x>-1,/8 — x =3 01+ x —1-x
o 2-+x  Jax+1-3
4,  liMm—mm——-. 9. Ilim .
>4yox+1-5 xix -2 -2
. x> =3x+2 N _
5. lim . 10.  |imX2FX =3
25— x —~/x +1 x>0 x* 4 X
Ne3. Bbiumncnutb npeaen:
S x — . 1—-cos3x
1. [mEEXE08X 6. lim———oX
X0 4x x->0 XSIN2X
. Si - . 1 1
2 limSN(3) 7 |.m(____j.
x>3  x*_-9 x>0 tgx sinx
. — Si tg(x+5
3. lim 92X sin2x. g lim 9X*3)
Xx—0 X x->-5 x° =25
. Sin7x+sin3x in’3x —sin?
g, limSN7XFSINSX 9. lim3N X SN X
X0 xsinx X0 X
2y 2 . _1—cos4x
5. IimCOS X~ Cos ZX. 10. lim—m——.
X—0 x2 x>0] —CcOoS8X

Ne4. Boiuncnute npegen, Ucrnonb3ysi 9KkBMBaneHTHole 6eCKOHEYHO Marble
YHKUNN:

1. lim2retaox 6. liml 0088
x>0 x° —3X x>0 4x
: ’ X =27
2. “mln(1+—6x). 7. Ilmx—.
x>0 x> —3x° =3 tg(x —3)
. sin(x — : >
3. Ilmw. 8. Ilm[e j
-2 x> —8§ x>0 tgx
' 6X_1 .
4. Ilm[e_ J 9. |ImM.
x-0{ sin3x =0 gIn5x
. sin7x
5. lim 9X*6) 10, limSn/X
x>-6 x2 —36 x>0 arctg4 x

Ne5. NccnepnoBaTb (PYHKUMIO HA HENPEPBIBHOCTb M NOCTPOUTL €€ rpadouk:

-X—1, npu x <-1, —X, npu x <—1;
1. f(x)=31-x* npu -1<x<I; 6. f(x)=<1-x* npu —1<x<1;
X, npu x >1. x-—1, npu x>1.



(-5, mpu x < -2
—X°, npu —2<x<2
2X -3, npu x> 2.

X +3, npu x<—4;

0, npu —4 < x<0;

\/;, npu x > 0.

I, npu x <1;

(x-3), npu 1< x<5;
%(x+7), npu x>>5.

X+1, npu x <0;

5. f(x)=(x+1), npu 0<x<1;.

5 npu x>1.

(1- X2, npu x <0;
I1-x, npu 0< x<3;
3, npu x > 3.
m, npu x <1,
0, npu 1< x<4;

X —3, npux > 4.

X+1, npu x <0,
9. f(x)=1<2, npu 0<x<2;

x> =2, npu x > 2.

X+6, npu x <-2;
—x* =1, npu —2<x<2;.
X—="7, npu x > 2.

10. f(x)=

IV. NMpaKkTnyeckne 3apaHua no pasgeny
«OundhcepeHumanbHoe ucumucneHme pyHKLUUN ogHOMN NepeMeHHON»

Ne1. Hantm npomssonHyro dyHKLMN:

1. y = 8x°> + +\/7
2. y= 3\/7+5x +\/x7.
3. y:4x4+§/;—l—5\/§.
X
4. y==-ax+6ix -2
X X
5. y=%—2x3+\/F+Z/§.

X

1. y=(3x-5)arcsin4x’.
2.  y=Ig(2-x)-arcsin’ 5x.
3. y=arccosx’-ctg7x’.
4.y =cosx eV

5. y=tg*3x-arctg7x>.

. Hantu npounssogHyo oyHKLMNA:

6. y=3x +J7————
7. y= 2\/7 3x* +J7——
8. y=3x° —2ﬁ—J7+—.
9. y= 3\/7

10. y=-x +—+J7 f.

=logs(x* —2x)-3cos5x.

6
7. y=tg°2x-cos5x>.

8. y=In*(2x+4)-arcctgy2x .
9

y =R/(3x

sin6x -e

4y -sin5x>.

—COSX

y:



Ne3. Hantn npon3BogHYy0 PYHKLMN:

1 _ logs(3x—7) 5 (P 2x -1y
' ctg7x* ' - Y= g30083x
5 sin5(4x/;) . _ 7log,(5x -3)
B lg(x® —5x+1) . (3x -2y’
Nl | 4
3. y-YX 3T g, lo(Xrd)
thg\/; COoS” X

. ,- 5'—In(2x _5) . y— ew/sin2x 5
' x> +32x ' (x2+5x+2\/§)

3

gos X Y- 3tg*(2x +1)

y = . 10. — .
Ix® +sin2x Ig3/5x +2

Ne4. Hantu npegen, ncnonsays npasuno Jlonutans:

lim AN +5) . 1-cosx?
1. im — : 6. lim ———.
oo N3+ X x—>0 x* —sinx
5 limInx-In(x-1). 2 lim X
o X
: , tgx — x
3. lim (l—ez")-ctgx. 8. lim X=X
x>0 x—0 X —Ssinx
2
. e —1 . Incos x
4. lim ——. 9. Iim )
x—>0 COS X —1 X—=0 X
5. lim XCOSX;S'nX. 10. lim (1-cosx)-ctgx.
x—0 X X—>

Ne5. Hantn npomexyTkun Bo3pacTaHusi U ybbiBaHWUA, TOYKM MakCcMMyMa u
MUHUMYMa (PYHKLNN, MAKCUMYM N MUHUMYM QYHKLMN, MPOMEXYTKN BOrHYTO-
CTW, BbINYKNOCTN, TOYKM nepernba rpadomka yHKLNN:

1. y=%x3—%x2—6x+1. 6. y=§x3—8x2+30x—6.
2. y=x>+9x*+15x-3. 7. y=3x3+%x2—18x+10.
3. y=§x3—9x2+28x+5. 8. y=2x"-21x*+36x+7.
4. y=gX3+6X2—16x+9. 9. y=x>+12x"+36x-4.

1 3
5. y=2x"-15x>+36x-8. 10. y=§x3—§x2—4x+2.

10



V. PelueHuMe npakTU4eCcKMX 3afaHuUn nNo pasgeny
«AneMeHTbl IMHEUMHOW U BEKTOPHOW anreopbi»

w
-

1 3 0 4
2 -5 1 1
Ne1. Beluncnutb onpegenuternb :
-1 1 -1 -3
2 2 -2 0
PeweHue
1 3 0 4 1 0 0 O
2 51 1/Y%2 11 1 -7/2
101 -1 3 Tl a4 1:aﬂ-A11+a12-A12+a13-A13+a14-A14=
2 2 -2 0 2 -4 -2 -8
-1 1 -7 11 1 -7 -1 1 -7
4) 5) 6)
—a; Ag=1-0""4 1 1|=|4 1 1|=|-7T 0 -6|=
4 -2 -8 |-4 2 -8 |26 0 -22
7) 8) -7 6
=8y Aptay Ay tag - Ap = 8- Ap = 1‘(_1)”2.—26 _22‘:
7 () (22)-(-6) (26 154 - 156 2)=2
=g o = ~((7)-(-22)=(-6)-(-26)) = ~(154-156) = ~(-2) -

1) MonyyMm Hynn B NepBOM CTPOKE C MNOMOLLLI 3f1EMEHTOB MNEPBOro
ctonbua. lNepBbin cTonbey nepenuceiBaeM 6e3 nameHeHnn. Ha mecrte ane-
MEHTa a,, =3 NONy4MM Hynb. [INA 9TOro Kaabli aNeMeHT nepsoro cronbua

YMHOXMM Ha (—3) 1 npubaBuM K COOTBETCTBYIOLIMM 3MeMeHTaM BTOPOro

ctonbua. Tpetuin ctonbel nepenucobiBaeM 6€3 M3MEHEHUIN, TaK KakK 3f1IEMEHT
a3 = 0. Ha mecTe anemeHTa a,, =4 nony4yuMm Hynb, YMHOXas Kaxabli ane-

MEHT nepBoro ctonbua Ha (—4) v NpubaBnsist K COOTBETCTBYIOLM dNeMeH-

Tam YeTBEpPTOro cronbua.
2) Pa3noxum nonyyeHHbIn onpeaenntens no afieMeHTam nepBon CTPOKW.
3) Tak Kak 3nemeHTbl a8y, a3, Ay HyneBble, TO W nNpou3BedeHNd

Ay Ay, 843 Az, Ay, - Ajy TOXE ByOyT paBHbl HYNHO.
4) a,, - aNEeMeHT Ha nepeceveHun 1-oi cTpokn 1 1-ro cTtonbua, a A, - ero

anrebpanyeckoe OONONHEHME.

5) lMonyynm Hynn BO BTOPOM CTONBOLE C NMOMOLLIO 3SIEMEHTOB MEpPBON
cTpoku. [lepByto CTpPOKY nepenucobiBaeM 6e3 nameHeHun. Ha mecte anemen-
Ta a,, =—1 Nony4nm Hynb, ANA Yero Kaxabln aNemMeHT NepBON CTPOKU YMHO-

XuUM Ha 1 1 npubaBnM K COOTBETCTBYHLLUNM 3f1IEMEHTaM BTOPOW CTpoku. Ha
MecTe dfeMeHTa as, =—2 MNOMNy4YuM HyNb, YMHOXasA KaXAblh 3NemMeHT nep-

BOM CTPOKM Ha 2 U nNpubaBndsa K COOTBETCTBYIOLMM 3fIEMEHTaM TpeTbeu
11



CTPOKMW.
6) Pa3noxum nonyyeHHbI Takum obpas3om onpegenutens No afieMeHTam
BTOpOro cronbua.
7) Tak Kak Q3nemeHTbl a,,, az, — HyneBble, TO W Npou3BeneHUs

Ay, - Ayy € ag, - Ay, TOXKE OYyOyT paBHbl HYFIO.
8) a,, - anemMeHT Ha nepeceyeHnmn 1-o1M CTPOKM 1 2-ro ctonbua, a A, - ero

anrebpanyeckoe OONONHEHME.

9) Nony4yeHHbIN onpeaennTesi BTOPOro nopsiaka BbIYUCIISEM CrEOYOLWNM
obpas3oM: 13 npounsBedeHUs1 ANIEMEHTOB, CTOSILLUMX Ha FNaBHOW AnaroHanw,
BblUMTaeM NpPoOM3BEOEHMNE SNIEMEHTOB, CTOSLLMX HA NODOYHOW OAnaroHanu.

Omeem: 2.

Ne2. PewnTb cnuctemy NIMHENHbIX ypaBHEHUI MATPUYHBIM METO0M.

x+3y+4z=1,
2X+5y +4z=-2;
3x+y-3z=5.
PeweHue
3anuwem cuctemy ypaBHeHUN B BUAE MATPUYHOIO ypaBHEHUS:
A-X =8B, (1)
1 3 4 X 1
rnre A=|2 5 4|, X=|y|uB=|-2
3 1 -3 z 5
N3 ypaBHeHus (1) cnegyert, 4To
X=A"1.B. (2)
Matpuuy A~' Haiigém no dopmyne:
1 1 ":\11 Ay A
A :det/\' "Y12 Ay Az |-
Az Ay Ags
Bbluncnvm onpegenutens matpuubl A:
1 3 4
detA=2 5 4 :(1-5-(—3)+3-4-3+2-1-4)—(3-5-4+1-1-4+2-3-(—3)):
3 1 -3

=-15+36+8-(60+4-18)= 29-46=-17 = 0.
Hangém anrebpanyeckne OONOSTHEHUS SNIEMEHTOB MaTpuLbl A:

5 4| |5 4
A — _1 1+1
11 ( ) 1 -3 1 -3

‘:5.(_3)—1-4:—15—4=—19;

12



2 4| 2 4
A, = (-1 —— =—(2-(-3)-3-4)=—(-6-12) = —(-18) = 18;
I A N R R BT D
2 5 |2 5
Ay = (-1 — =2.1-3.5=2-15=-13;
3 1 [3 1
3 4| 3 4
A,y = (-1 —— =—(3:(-3)-1-4)=—(-9-4)=—-(-13) =13;
1 -3 |1 -3
1 4] 1 4
A, =(-1)*2 - =1.(-3)-3-4=-3-12=-15;
wmerell Al 4
13 |13
A, = (—1)*3 =— =—(1-1-3-3)=-(1-9)=—(-8) =8;
o=l Yy o299
3 4/ |3 4
Ay = (-1 = =3.4-5.4=12-20=-8;
5 4 5 4
1 4 |1 4
A, = (-1)%"? = =—(1-4-2-4)=—(4-8)=—(-4)=4;
S e M R R R CRU R
1 3 |1 3
A, = (-1 - =1.5-2.3=5-6=-1.
33 = (1) > s ‘2 5‘
Takum obpasom,
1 -19 13 -8
Al=—_.| 18 -15 4
|13 8 1
MoncTtaensis A~ u B B hopmyny (2), Halliem BeKTOp HEU3BECTHbIX:
1 [-19 13 -87 [ 1 1 (-19)-1+13-(-2)+(-8)-5
X=—= 18 -15 4 |.|-2 =7 18-1+(-15)-(-2)+4-5 |=
13 8 1| |5 (=13)-1+8-(-2)+(-1)-5
1 [-19-26-40 1 -85 5
27' 18 +30+ 20 :7‘ 68 |=|-4|.
| 13-16-5| 34 2

Omeem: (5; - 4; 2).

Ne3. PelwnTb cnctemy NIMHENHLIX ypaBHeHU No popmynam Kpamepa.
X+3y+4z=1;
2X+9y +4z=-2,;
3x+y—-3z=5.

13



PeweHue
3anuwem cuctemy ypaBHeHUn B BUAe MaTpUYHOIo ypaBHEHUS:

A-X =8B,
1 3 4 X 1
rnre A=12 5 4|, X=|y|uB=|-2
3 1 -3 z 5

Ecnn onpegenutenb OCHOBHOM MaTpULbl CUCTEMbI OTIIMYEH OT Hyn4, TO
peLleHne cMcTemMbl MOXXHO HanTu no goopmynam Kpamepa:
A A A
x="Ay="2% z=2,
A A A
roe A— onpegenvtens matpuubl A; A,— onpefenuternb, NOMyYeHHbIn U3 A
3ameHoMn nepsoro cronbua ctonbuom cBOOOAHbLIX YreHOoB; A,— onpeaenu-
Tenb, NOMy4YeHHbIn N3 A 3aMeHOon BTOpPoro cronbua crtonbuom cBOOOAHbLIX
YrneHoB; A; — onpeaenuTerb, Nory4YeHHbIn N3 A 3aMeHoun TpeTbero cronbua
cTon6buom cBOOOAHBLIX YIEHOB.
1 3 4
A=2 5 4 :1-5-(—3)+3-4-3+2-1-4—(3-5-4+1-1-4+2-3-(—3)):
3 1 -3
=-15+36+8-(60+4-18)= 29-46 =-17 = 0.

1 3 4
A=]2 5 4|=1.5.(3)+3-4.5+(-2)-1.4—(5-5-4+1.1-4+(-2)-3-(-3)) =
5 1 -3

~ - 15+60-8-(100+4+18) = 37 -122 = - 85.
1 1 4

Ay=2 -2 4|=1-(-2)-(-3)+1-4-3+2.5-4—(3-(-2)-4+5-1-4+2.1-(-3)) =
3 5 -3

—6+12+40—(-24+20-6) = 58 +10= 68.

13 1
Az=]2 5 —2/=1-5-54+1.2.14(=2)-3-3—(3-5-1+2.3-5+(-2)-1-1) =

3 1 5
=25+2-18-(15+30-2)= 9-43 = -34.
OTcropa:
x:ﬁ:S; y:ﬂ:—4; z:ﬁ:Z.
-17 -17 -17

Omeem: (5; —4; 2).
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Ne4. PewnTb cnctemy NIMHENHbLIX ypaBHEeHU MeTogoMm [aycca.

x+3y+4z=1,
2X+95y +4z=-2,
3x+y—-3z=5.
PeweHue
1 3 4|1
3anuwem paclumpeHHyto matpudy |2 5 4 |-2| . lNpuBegém matpuuy K
3 1 3|5

CTyrneH4yaToMy BUAYy:
13411)13412)1341

2 5 41-2|~|0 1 414, ~0 -1 44|
3 1 3|5 0 8 -15|2 0 0 17|34

1) MNepByo CTpPOKy MaTpuubl nepenncbiBaeM 6e3 U3MEHEHUN. DrieMeHTbI
NnepBou CTPOKN MaTpuLibl YMHOXUM Ha (—2) N NpubasBMM KO BTOPOMW CTPOKE.

3aTeM aneMeHTbl NepBOM CTPOKM MaTpuULbl YMHOXUM Ha (—3) n npnbasnm K

TpeTben CTpokKe.
2) lNMepByo N BTOpPYK CTPOKY MaTpuubl nepenucbiBaem 6e3 M3MeHeHWUNn.
OneMeHTbl BTOPOW CTPOKU MaTpuLbl YMHOXUM Ha (—8) n NnpubaBuM K TpETb-

en CTpOKe.
[Tonyqyaem cuctemy ypaBHEHUN:

X+3y+4z=1;
—y—-4z=-4;
17z =34.
3 nocnegHero ypaBHEHUS CUCTEMbI MOSTyYaeMm:
34
Z=—=2
17
[MoaocTaBuB HangeHHOEe 3HaYeHNEe BO BTOPOE YpaBHEHME, NOSTyHNM:
y=4-4z=4-4.2=-4,
3 nepBoro ypaBHEHUS1 CUCTEMbI HANOEM:
x=1-4z-3y=1-4-2-3-(-4)=1-8+12=5.
Omeem: (5; —4; 2).

Ne5. Hantu cobcTBEHHbIE 3HAYEHUST U COBCTBEHHbIE BEKTOPBI MaTpULbI.
4 3
A= :
1 2

15



PeweHue
[na HaxoXaeHust cCOBCTBEHHbIX 3HAYEHUW MaTpuULbl A COCTaBUM XapakTe-
PUCTUYECKOE YpaBHEHME

|A—2E|=0.
3anuwem maTtpuuy A - AE:

4 3 1 0 4-1 3
A-1E = -1 = .
1 2 0 1 1 2-1
Hanpem ee onpegenurens:

‘A_}LE‘:‘4—1 3

=0. 3
. g
(4-2)-(2-1)-1.3=0 < 12-61+5=0.

Peluasa aTo ypaBHeHue, Hangem KopHu: 4, =1 A, =9.

[na onpegeneHns coOCTBEHHbIX BEKTOPOB 3anuiemM ypaBHeHue (3) B BU-
e CUcTeMbl ypaBHEHUM:

{(4 — A%, +3x, =0,
Hangém cobCTBEHHbLIN BEKTOP, COOTBETCTBYHOLLMA COOCTBEHHOMY 3Haue-
HUO A, =1, ANa aToro BMeCTo A NOACTaBMM B CUCTEMY A4:

3x,+3x, =0,
{x1 + X, =0.

[yctb x, — 6asncHasa nepemeHHas, x, — cBobogHasa nepemeHHas. [ono-

xXum x, =t, te R, t #0, Torga x, =—t. 3Ha4nT, COBCTBEHHBLIM BEKTOPOM MaT-

pulbl A, COOTBETCTBYIOLLMM CODCTBEHHOMY 3Ha4yeHuo A, =1, byaet BekTop

_ t
X1:|: j|,t€R,t¢o
—t

Hangém cobCTBEHHbLIN BEKTOP, COOTBETCTBYHOLLMA COOCTBEHHOMY 3Haue-
HUO A, =5. [Ina aToro BMecTo A NoAcTaBUM B CUCTEMY A, :

[ycTb X, — 6asncHas nepemeHHas, x, — cBoboaHas nepemeHHas. [lono-
XuM x;=c,ceR,c#0, Torda x, =3c. 3Ha4MT, COOBCTBEHHbIM BEKTOPOM
MaTtpuLbl A, COOTBETCTBYIOLLMM COOCTBEHHOMY 3HaYeHuo A, =5, byaeT Bek-

< X+ X, =0.

TOp Yzz{;c]cel?,c;to.
. t - c
Omeem: A, =1, X, = ¢ ; Ao =5, X, = 3¢ ,,ceR, t#0,c#0.

16



VI. PewweHune npakTu4eCcKuUx 3agaHum no pasgeny
«OCHOBbI aHaNMMTU4YECKON reoMeTpun»

Ne1. JaHbl  Bektopbl a=(3;-2;-5) u b=(1;2;-2). BbluncnuTb
(3—2b)- (b +23).
PeweHue

Tak kak NMHEerHble onepauum Hag BEKTOpaMU CBOASITCS K COOTBETCTBYHO-
MM NMHEHbIM onepaunsiM Hag UX koopauHaTamu, TO:

(@-2b)=(3;-2;-5)~2-(1;2;,-2) = (3;-2;-5) — (2;4;~4) = (1;-6;-1).
(b+23)=(1;2;-2)+2-(3;-2;-5) = (1;2;-2) + (6;—4;-10) = (7;-2;-12).

Ecnn 8 =(X,,Ya2,) U b=(Xy,Yp2,), TO UX CKansipHoe MPOU3BEAEHME

Haxo4daT no popmyrne:
a-b=x,-X,+Y, Yp+2, 2.

Torpa:
(3—2b)-(b+23)=(1-6;,-1)-(7;-2,-12) =1-7 + (=6) - (-2) + (-1) - (-12) =
=7+12+12=31.

Omeem: 31.

Ne2. Hantu yrnoson KoO(@PUUMEHT MNpsiMOM, NPOXOOsLLen Yepe3 TOYKU
A(-5;1) n B(-3;4).
PeweHue
YpaBHeHue npamon AB Havgem no popmyne:
X—Xqg _ Y—VYa
Xp=Xa Ybp—VYa ,

rae A(Xa;Ya) B(XpYp)-
[MoacTtaBnsast kKoopauHaTbl To4ek A n B, nonyymm

x—(-5) y-1 x+5 y-1
— = 3. (x+5)=2-(y -1 3x+13=2y.
315 417 2 "3 ©3k#d)=2y-Ie d

N3 nocnegHero ypaBHEHUS BbIpa3uM  :

y:§x+E:1,5x+6,5.
2 2

OTkyga nony4mm, 4To yrnoBon KoaduumneHT npsmon AB paBeH
Omeem: 1,5.

Ne3. [laHbl KoopauHaTbl BeplnH TpeyronbHuka A(-3;5), B(—4;2), C(3;-1).

HanTtu nnowaab TpeyrosnibHnka ABC .
PeweHue
[Mnowaab TpeyronbHnka ABC Havgem no dpopmyne:
SAABC :%'AB‘CH,
roe AB — onuHa CTOPOHbLI TpeyronbHuka, CH — anvHa BbICOThbI, NPOBEaEH-
HOW K cTOpoHe AB.
17



Hangéem anuHy cTopoHbl AB

AB = \J(~4—(-3))* +(2-5)2 = (172 + (-3 =110,

[nunHa BbicoTbl CH ecTb paccmﬂHme OT TOYKU C Ao npsimoun AB.
CoctaBuM ypaBHeHWe npssmMon AB, Kak ypaBHeEHWe MNpsIMOW, NMPOXOAsILLEN
Yyepes 3aJaHHble TOYKU:
B- x—(-3) _ y-5 - X+3 _ y-5
—4-(-3) 2-5 —1 -3
<3x-y+14=0.
PaccTtosHue ot toukn My(Xq;Y,) Ao npsamon Ax+By+C =0 Hangem no

dopmyne:

< (=3)-(x+3)=(-1)-(y -9)=

‘Ax0 +Byg + C\
JAZ L B?
Torga anvHa BbicoTbl CH paBHa:
H_ 3:3-1-(-1)+14] |9+1+14

i Jert o

OTcropa:
1 24 24
S =—-J10. ——=—=12.
MBC =5 0 2
Omeem: 12.

Ne4. Hantu pacctosHue oT Toukm D(1;7;1) 4O NNOCKOCTU, NpoxoasaLlen ve-
pe3 Toukn A(2;5;3), B(-1,4;2) n C(-2,3;2).
PeweHue
YpaBHEHME MOCKOCTU, NPOXOAsLLEN Yepe3 TpU 3agaHHble TOYKU, MMeeT
BUA:
X=Xy Y-y Z-Z
X=Xy YY1 Zp-24|=0.
X3-X4 Y3-Y1 Z3-24
Torga ypaBHeHue nnockoctn ABC byaer:

x-2 y-5 z-3 x-2 y-5 z-3
-1-2 4-5 2-3|=0«<| -3 —1 -1 1=0.
-2-2 3-5 2-3 -4 -2 —1

Bbluncnvm onpegenurens, pasnoxXms ero rno dfemMeHTam nepBon CTPOKMK:
Xx-2 y-5 z-3
-1 -1 -3
-3 -1 -1 |=(x-2)- 5 1—(y—5)- 4
4 2 I -
=—(x-2)+(y-5)+2(z-3)=—x+y+2z-9.

—1

3
+(z 3)- ‘_4 5

18



Taknum obpasom, ypaBHEHME NIIOCKOCTU 3anunLLIeTCs B BUAE:
x—y—-2z+9=0.
PacctosaHune oT TOYKM D (X9, Y0, 2o) Ao MIOCKOCTH
ABN : Ax + By + Cz+ D =0 Haingem no dopmyrne:
g |Ax, + By +Czy + D

\/A2 +B% +C?

Nmeewm:
d_hw—m7—24+m_h—7—2+q_ 1

P12 +(22 V1+1+4 6

Omeem: i

J6

Ne5. YctaHoBuUTb B3aMMHOE pacrosioxXeHue NpPAMOWN
x-3 y-4 z+6
-3 6

L: W NNOCKOCTN S : 4x+5y +z—-4=0.

PeweHue
[nsa Toro, 4ToObl YCTAHOBUTL B3aUMHOE pPacnosioXXeHue npsimon L v nnoc-
KOCTU [, peLunuM CUCTEMY:

x-3 y-4 z+6
3 6 4
4x+5y+z-4=0.
3anuwem ypaBHeHue NpssMon L B napamMeTpu4eckom Buae:

x =3 -3t,
y =4 +6t,
z=-6+4t.

[lonyyYeHHble BbIpaXeHua Ans X,y,Z NOACTaBUM B YpaBHEHWE MIOCKO-
CTn B
4(3-3t)+5(4+6t)+(6+4t)-4=0=22t+22=0<=t=-1.
Tak kak cuctema nmeeT eOMHCTBEHHOE peLleHue, To npsiMasi nepecekaeT

NSI0CKOCTb. Hangem koopanHaTbhl TOYKM nepeceyeHuns. [ns aToro nogcrasmm
HangeHHoe 3HayeHne t B napameTpudeckoe ypaBHEHME NPSIMON:

x=3-3.(-1)=6,
y=4+6-(-1)=-2,
Z=—6+4-(-1)=-10.
Takum o6pa3oM, KOOpAMHATbI TOYKM NepeceyveHuns MPSIMON U NNOCKOCTU
(6,—2,—10).

Omeem: lNpsaimasa nepecekaeT NSIOCKOCTb B TOYKE (6;— 2;—10)
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VIl. PewweHne npakTU4eCcK1UxX 3agaHun no pasgeny
«[pepen n HenpepbIBHOCTb»

Ne1. Bbiumncnutb npeaen:

. x>-5x-6_ . 3x°—6x+5

a) lim ————; 6) lim — 5 :

x>-12x° + x —1 x—02x° +4x° -8
PeweHue

a) MNpu x =-1 yncnutenb U 3HameHaTtenb Apodbu obpallarTcsa B HYMb, TO

€CTb Mbl UMEEeM HeonpeaenéHHoCTb BUaa [%}
Pa3noxXum uncnmTens 1 3HameHaTternb Ha MHOXUTENN.
KBagpaTHoe ypaBHeHue X2 —5x —6 =0 uMeeT KOpHU (—1) n 6. 3Hauur,
x? —5x—6=(x+1)(x-6).
KsappaTHoe ypaBHeHue 2x° + x —1=0 umeeT kophu (—1) 1 0,5. 3Hauur,
2x% + x—1=2(x +1)(x = 0,5) = (x + 1)(2x - 1).

Torpa:

. Xx>-5x-6 {o} _ (x+1)(x-6) . x-6 -1-6 -7 7
im ———=—|= lim = lim = =—=—.
x>-12x“+x-1 |0 x>-1(x+1)(2x-1) x>-12x-1 -2-1 -3 3

Omeem: Z.
3

6) Mpn x — oo yncnuTenb N 3HameHaTernb Opobu cTpemaTca K 6eckoHey-

- o0
HOCTU, TO eCTb Mbl UMeeM HeonpeaerneHHoCTb Bnga |:—:|

o[ 3 6. %) (3 6,95

im 3x° -6x+5 im W xt X _xoelx® x* X°
5 2 - -

om2XT+AXT -8 o x5(2+4—8j Iim(2+43—85j

x* x°

3 6) 5 4 8
TaKk kKak —,| =7 |, =5, —5| ——g | CTPEMSITCA K HyM0 NpU X —> .

X2 X4 X X X

Omeem: 0.
. 4x-3-3
Ne2. Buiumncnutb npegen lim — .
x—3 X -9
PeweHue
Mpn x =3 yncnutenb U 3HameHaTenb Apodu obpalaTcs B HyIb, TO €CTb

) 0 .
Mbl UMEEM HeonpeaenéHHoCcTb Buaa {5 . [Ans packpbITMa 3TON Heonpeae-

NEHHOCTU YMHOXUM YUCIIUTESb N 3HAaMeHaTeJlb Ha BblpaKeHune, COI'IpFI)KéH-
20



HOE€ YNCITUTETIO.

- Jax=3-3 _ P} i (\/4x—3 —3)-(\/4x—3 +3) )
2 0] %53 (x*-9)-(V4x-3+3)

x->3 x°-=-9
(Vax=3) -3 . 4x-12 _

= lim m+3):llins(x_B).(x+3)-(M+3)

X3 (x=3)-(x+3)(

. 4(x-3) . 4
= lim = lim =
X—>3(x—3)-(x+3)-(\/4x—3 +3) X—>3(x+3)-(\/4x—3 +3)
_ 4 _ 44 1
(3+3).(\/4-3—3+3) 66 36 9
Omeem: 1
9
Ne3. Buiuncnuts npegen lim ?(tzgx.
x=0 sin“ x
PeweHue
3x. sinx
jim SX19% _ jim W:P}: fim —>X_ _ lim oX =
x>0 sin©x x>0  sin®x 0| x50 cosxsinx x—-0 cosx-(smxj-x
X
= lim 3 =§:3,
x—>0 cosx 1
. sinx . . .
TaKk Kak lim —— =1 (nepBbI 3ameYaTtesibHbIi Npegen), I|mO cosx =1.
X—>

x—0 X
Omeem: 3.
In(1+ sin x)
—————=, UCNOSNb3ys 3KBMBANeHTHble 6ec-

Ne4. Boiuncnntb npegen lim >
x—0 e X _
KOHEYHO Marble OyHKLNWN.
PeweHue
. In(1+sinx . sinx . X 11
I|m¥= im ——=Ilm—=Ilim—-=—=0,5,
x>0  e“X -1 x>0 2X x—>02X x-02 2

TaK Kak In(1+ sinx) ~ sinx, e2* =1~ 2x, sinx ~ x npu x — 0.

Omeem: 0,5.
Ne5. NccnepnoBaTb PyHKUMIO HA HENPEPBLIBHOCTL U NOCTPOUTL €€ rpadouk:
2—X, 10e x<-2;
f(x)={x% 106 —2<x<2

5, ide x> 2.
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PeweHue
dyHKUMA f(x) onpedeneHa n HenpepbiBHA Ha MHTepBanax (—«;-2), (-2;2),
(2;0), roe oHa 3agaHa HerpepbIiBHbIMU 3rieMeHTapHbIMU yHKumAMU. Cne-
[AoBaTenbHO, pa3pbiB BO3MOXEH TOSMbKO B TOYKaX Xy =—-2 U X, =2.
[na Toukn X, = -2 nmeem:
f(-2-0)= Ilim f(x)= Ilm (2-x)=4,

x—>-2-0 x—>-2-0
f(-2+0)= lim f(x)= lim x?=4,
x—>-2+0 x—-2+0

f(x)=f(-2)=2- X‘x=—2 =4,
Tak kak f(-2-0)=f(-2+0)=f(-2), TO dyHKUMA f(X) B TOUYKEe X, =—-2 £IB-

naeTca HenpepbIBHON.
[na Touykn x, =2 nmeem:

f(2-0)= lim f(x)= lim x?=4,

x—>2-0 x—2-0
f(2+0)= lim f(x)= lim 5=5,
x—2+0 xX—2+0

f(x,)=1(2)=x*|,_, =4.

Tak kak |lim f(x)# lim f(x), HO oba CywWeCcTBYIOT U KOHEYHbI, TO (PYHK-
x—2-0 x—2+0

umsa f(x) B To4Ke X, =2 MMeeT paspblB NEPBOro poAaa Co CKa4ykoM (PYHKLIUM:
4-5]=1.
[‘paduk PyHKLUMM NMeET BUA:

Y 4

»

- N WA OOON 0 ©

4 3 3 1

1.2 3 45

=< V¥

| L |
Ado N &

VIil. PewweHne npakTu4yecknx 3agaHum no pasgeny
«AnddepeHumanbHoe ucuncrneHme pyHKLNM oaHON NepeMeHHON»

Ne1. HaiATu npounssoaHyto dyHKUMM Y = 3x° — 54X — t\_’/? + 4 +2.
X
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PeweHue

' 14
Y'=(3x5—5&—§/X7+4x"1+2) :[C’>x55x2 —x5+4x7 142

1 1

, 1Y [ 4Y . 1o,
:(3x5) (5X2J [x5] +(4x‘1) +(2) :3-5x4—5-%x 2 —%x 5 14.(-)x? =

1 1
:15x4—gx 2_§X 5 _4x2-15x" 4__5 4 4

2Jx 5Yx  x*°

Ne2. HaiiTu npounsBoaHyto doyHKLMK y = sin®(3x)-In(x —3x?).
PeweHue

y' =(sin®3x)) -In(x—3x2) + sin(3x) - (In(x - 3x?)) =

= 3sin?(3x)-(sin(3x)) -In(x — 3x2) + sin®(3x)- 2 (x-3x?) =
X —3Xx
. . 1
= 9sin?(3x)-cos(3x)-In(x - 3x? )+ sin*(3x)- ((1-6x) =
(8x)-008(3x)-In(x ~3x*) + sin’(3x): ———-(1-6x)
.2 2 . 3 1-6x
=95sin“(3x)-cos(3x)-In(x —3x) +sin>(3x)- 5
X —3x
y tg(In2x)
Ne3. Hantn nponsBogHytO PyHKUNMN Yy = —=.
VX% +9x

PeweHue

yo ( tg(In2x) ] (t9(n2x) V% +9x ~tglin2x)- (V2 + 9
(Vo +ox)

Jx +9x

-(In 2x)' X2 +9x —tg(In 2x)-1.(x2 + 9x),

_ cos®(In2x) 24/x% +9x
= 2
(\/ X2 + 9x)
1 2x X% +9x —tg(In2x)- 1 (2x+9)

~ cos?(In2x) 2 %2 +9x

(\/x2 + 9x)2
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24 x% +9x _tg(In2x)-(2x +9)

_ 2x-cos®(In2x) 2x2 + 9x
= 2
(\/x2 +9x)

- . 1-cos8x
Ne4. Hantu npegen, ucnonebays npasuno Jlonutans: lim ————.
x>0 X -—sinx

PeweHue

_1-cos8x [0] . (1-cos8x) .  8sin8x [0
im ———=| — |=lim =lim ———=| = | =
x—0 X -—sinx O] x-0 (x—sinx)' x—0 1—CcoS X 0

_ (8sin8x) _ 64cos8x
= |lm ——=lm ————=w

x—0 (1—COSX), x—0 sin x

Omeem: «.

Ne5. Hantn npomexyTku Bo3pacTaHusi U yObiBaHWUA, TOYKM MakcMMyma wu
MUHUMYMa (PYHKLUNN, MAKCUMYM N MUHUMYM QYHKLMN, MPOMEXYTKA BOrHYTO-
CTW 1 BbIMYKINOCTK, TOYKM nepernba rpadomka gyHKLnn

y:1x3+x2—15x+12.
PeweHue

. 1 3 2 o o o
PyHKUMA ¥y ==X~ + x° —15x +12 onpefeneHa Ha BCen YNCNOBOW MPSIMOMN.

Hangém kputnyeckmne To4kM pyHKLMM N3 paBeHcTBa y' =0:
y' :(%xs + x? —15x+12} = x? +2x-15,

x> +2x-15=0.
OTKyAa NoMyYnM, 4To X, =3 U X, = -5 — KPUTUYECKME TOUKU (DYHKLUM Y .
ATn ToukM pasbusaloT obnacTb onpeaeneHns PYHKLUUM Yy Ha NPOMEXKYTKM
(-0;-5), (-5;3), (3;+0). OnpenenuM 3HaKk NPOU3BOAHON y' Ha KaXKOAOM W3
3TUX NMPOMEXYTKOB:
+ N\ = N\ + R
_—v 5 \ 3 _— X
T.0., PyHKUMS y BO3pacTaeT Ha NpomMexyTkax (—«;—5) u (3;+o) 1 ybbiBa-
€T Ha NPOMEXYyTKe (—5;3). [Mpn 3aTOM TOYKa X = -5 ABNAETCHA TOYKOWN MaKCu-

MyMa PYHKUUK, a ToYKa X = 3 — €€ TOYKON MUHUMYMa.
MakcnmMym n MUHUMYM QOYHKLUK:
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1 (_5)3+(_5)2_15'(_5)+12:T’

.
PN IR o
Ymin—Y(3)—§'3 +3°-15-3+12=-15.

ymax = y(_5) =

[ns onpeneneHnss NPOMEXYTKOB BbIMYKMNOCTU W BOFHYTOCTU OYHKLUM
Haxo4MM BTOPYH NPOM3BOAHYHO U NPUPaBHMBAEM €€ K HYIHO:

y":(x2+2x—15) =2X+2.
2x+2=0< x=-1.

Toyka x =-1 pasbuBaeT obnactb onpeneneHna OyHKUMM Yy Ha npome-
XKyTkN (—o0;—1) n (—1+0). Onpegenum 3Hak BTOPOI NPOM3BOAHONM y”" Ha
KaXkOOM U3 3TUX MPOMEXYTKOB:

/__\/_'_\ .
A\ L\ X
T.0., rpaduK PYHKUMN Y ABMSAETCHA BbINYKSTbIM Ha MNPOMEXYTKe (—oo;—1) n

BOTHYTbIM Ha MPOMexyTke (—1+o0).

V= AP+ (A 18- (4122414 15412= 8

TOYKa M(—1;83—3j ABSIeTCA TOUKOM Nepernba rpadmka oyHKUUK.
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